GALOIS THEORY OF DIFFERENTIAL SCHEMES

BEHRANG NOOHI AND IVAN TOMASIC

ABSTRACT. Since 1883, Picard-Vessiot theory had been developed as the Ga-
lois theory of differential field extensions associated to linear differential equa-
tions. Inspired by categorical Galois theory of Janelidze, and by using novel
methods of precategorical descent applied to algebraic-geometric situations,
we develop a Galois theory that applies to morphisms of differential schemes,
and vastly generalises the linear Picard-Vessiot theory, as well as the strongly
normal theory of Kolchin.
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1. INTRODUCTION

1.1. History. Clasically, a Picard-Vessiot extension (L, 1)/ (K, dk) of differential
fields yields a linear algebraic group
G = Gal®V(L/K)

over the common field of constants k = Const(L,dr) = Const(K, k) such that
there is a Galois correspondence between the intermediate differential field exten-
sions and Zariski closed subgroups of G, and

G(k) ~ Aut((L,01)/(K,0x)),

as explained in
The Picard-Vessiot ring is a (K, dx )-algebra
(Av 5A)
with fraction field (L,dr), such that (X,dx) = Spec(A4,d4) is a G-torsor over
(Y,0y) = Spec(K, dk) in the sense that
(X, 0x) X(v.sy) (X, 0x) =~ (X, 0x) X(x,,0) (G, 0),

where we consider Xy = Spec(k) and G as differential schemes endowed with zero
derivations.

Janelidze realised that Picard-Vessiot theory fits into the framework of his cat-
egorical Galois theory through the adjunction

o-Aff

Aff
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between the categories of affine differential schemes and affine schemes, where
S(Spec(R,dr)) = Spec(Const(R,0r)), C(Spec(R)) = Spec(R,0).

janelidzdiamelidze-pv2
He emphasised in hT? and 18] that the key object, the morphism of relative Galois
descent, is in fact the torsor

f(X,0x) = (Y dy),

and not the extension of differential fields, and that the Picard-Vessiot Galois group
agrees with the categorical Galois group,

Gal”™V(L/K) ~ Gal[f] = S(X xy X),

as explained in

During the visit of the second author to Tsukuba in 2023, Akira Masuoka asked
whether categorical Galois theory approach automatically recovers the classical
Picard-Vessiot Galois correspondence. T Qur surprise, we observed that Carboni-
Janelidze-Magid correspondence from ﬁ:TU in the affine context only establishes a
correspondence between split affine quotients of X over Y and effective subgroups
of G = Gal[f], i.e., those closed subgroups H such that G/H is represented by an
affine scheme, see [5.10

We realised that, contrary to the popular belief, Picard-Vessiot theory is not
an entirely affine affair, and that the categorical Picard-Vessiot theory must be
extended to the correspondence between the split quasi-projective fpqc quotients
of (X,dx) over (Y,dy), and closed subgroups of G, and that the intermediate
differential fields from the classical correspondence appear as function fields of those
quasi-projective quotients. Yves André also noted the failure of the affine Picard-
Vedssigt (iorrespondence and fixed it in a different way by using solution algebras in
B

On the other hand, the Galois 1e0LY | of a strongly normal differential field
extension (L, d1)/(K, dk) of Kolchin [19 ]—KkrTown to give rise to a general algebraic
group G over k and a general differential sch X.dy) that acts as a torsor for
G through a relation analogous to the above THPRQW&)L

Michael Wibmer informed us of the idea of a number of researchers in differential
algebra, including Jerry Kovacic, to interpret the strongly normal theory using
categorical Galﬁiasn gﬁe&g 9§1d this was independently posed as a desirable project
by Janelidze in [I§]. e difficulty lies in the fact that, with no reasonable notion of
differential scheme, does the natural extension of the functor C' above to a functor
between schemes and differential schemes

0-Sch

> ’
Sch

admit a left adjoint, so the classical categorical Galois theory cannot be invoked.
We resolve the apparent conundrum by constructi g very partial left adjoint
using Bardavid’s idea of categorical schen%)e %é leg}yg}sj‘&’ yand by using an indexed
version of categorical Galois theory from [g], evenitually proving Theorem [7.2] - that
simultaneously explains the quasi-projective aspect of Picard-Vessiot theory and

applies to strongly normal theory.

[
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We proceed much further and develop a Galois theory of arbitrary differential
scheme morphisms, as explained below. We hope that our work fulfils some of the
wishes of Jerry Kovacic to bring the techniques of modern algebraic geometry to
differential Galois theory.

1.2. Differential algebraic geometry. In this paper, a differential scheme
(X, dx) = (X, (0x,0x))

is a scheme (X, Ox) endowed with a derivation dx on its structure sheaf Oy, i.e.,
with a vector field.
Given a scheme S, we define a category of S-differential schemes

5—SChS

consisting of schemes over S endowed by S-derivations.
The spectrum of a differential ring has a natural structure of a differential scheme,
affording a right adjoint
Spec : §-Rng®® — 0-Sch
to the global sections functor. A differential scheme is affine, if it is isomorphic to
a spectrum of a differential ring, and the category of affine differential schemes is
anti-equivalent to the category of differential rings, i.e.,

0-Aff ~ §-Rng°?,
which is consistent with our discussion of affine differential schemes above.
A natural functor
C :Sch — §-Sch, (X,0x)+— (X,(0x,0))

allows us to consider a scheme as a differential scheme with a trivial derivation/z O david

vector field, but it does not have a left adjoint. Based on the ideas of Bardavid (3]
4.2], we define a categorical scheme of leaves

mo(X)
of a differential scheme (X, dx) to be the morphism
(X, 0x) = C(mo(X))

which is universal from (X,dx) to C. It exists only for rare differential schemes
(X, dx), but this construction provides a partial left adjoint 7y to C' when it does.

1.3. Differential schemes as precategory actions and descent. We make a
key novel observation that S-differential schemes can be viewed as actions of an
internal precategory

D(S)
in Sch/g associated to infinitesimal augmentations of S that we can symbolically
write

5[60761]/(63,606176%) E’: SM/(ﬁQ) E: S

i.e., that there is an equivalence of categories (4.5)
8-Schg = (Schyg)P*).

It was previously known that differential schemes can be viewed as ‘actions of a
pointed set’ associated to the augmentation structure S[e?]/(e?) — S, but the ob-
servation that we can view them as precategory actions gives us a very direct access
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to a theory of descent, given that precategory actions are essentially generalised de-
scent data. More generally, we can translate problems from differential algebraic
geometry into the known realm of algebraic geometry.

In algebraic geometry, descent usually works only for very specific indexed data
on schemes, so we work with a chosen pseudofunctor

2 : (Schyg)°? — Cat,

and extend it in a natural way, using precategory actions, to a pseudofunctor on
differential schemes
8- : -Schy’ — Cat.

In the special case when (V) is a certain class of scheme morphisms with target
V', the category 0-Z (X, dx) consists of differential scheme morphisms with target
(X, 0x) whose underlying scheme morphism belongs to the class &.

If X = (X2, X1, Xp) is a precategory in Sch/g that corresponds to a differential
scheme (X, dp) viewed as an D(S)-action, then the categorical scheme of leaves of
(X, dx) agrees with the scheme of connected components of X,

mo(X) ~ m(X) = Coeq (X1 Z:?; Xo)

whenever either of them exist in Schyg.
Moreover, (X,0x) is simple with respect to &, provided the above coequaliser
exists and is universal for &?. This condition ensures that the precategory morphism

nx : X — A(Tfo(X))

to the dicrete precategory associated to the scheme m(X) is of precategorical de-
scent, i.e., the induced functor of precategory actions

Cx : P(mo(X)) = PAME) "y % o 5 p(X 5y)

is fully faithful.
By developing the theory of descent in the category of differential schemes as
precategory actions, we establish in that a morphism

[(X,0x) = (Y, dy)

is of effective descent for -2, if the associated morphism (fo, f1, f2) of precategory
actions satisfies that the underlying scheme morphism fy : X — Y is of effective
descent for &, and f; is descent for &2.

Consequently, such an f is of effective descent for the fibration of polarised
quasi-projective differential morphisms if fy is faithfully flat quasi-compact (fpqc).
Moreover, if the target of f is a spectrum of a differential field, then it is of effective
descent for the class of quasi-projective differential morphisms.

1.4. Galois theory of differential schemes. A good understanding of the two
types of descent provides all the ingredients needed for a Picard-Vessiot style cate-
gorical Galois theory of differential schemes. The framework for the indexed version
of categorical Galois theory involves the following choices:
(1) let S be a scheme, and
2 = SCh/S

be the category of schemes over S;
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(2) let & be the full subcategory of 6-Schg of those S-differential schemes that
have a categorical scheme of leaves, hence we obtain a functor
my A = X
(3) a pseudo-functor
P . Z°P — Cat,
determining a pseudofunctor §-&2 : &/°P — Cat;
(4) let
C=07:Pomy— 6P
be the pseudo-natural transformation whose component at (X,d) € 7 is
the functor C'x discussed above.
We define the category
Splite(f)
as the full subcategory of objects P € §-Z(Y) such that f*P ~ Cx(Q) for some
Q € P (mp(X)).
We define a morphism f : (X,dx) — (Y, dy) in & to be pre-Picard- Vessiot with
respect to &2, if

(i) f is a morphism of effective descent for §-2;
(ii) X, X xy X, X xy X xy X are simple for Z.

If we have
(5) a suitable (in the sense of pseudo-natural transformation

U:9 =9

to a fibration . associated with a class of scheme morphisms,

then we define f to be Picard-Vessiot with respect to U if, in addition to the first,
it satisfies the strengthening of the second condition,

(ii’) X is simple for . and f is auto-split for . in the sense that f € Splitg. (f).
The assumption that f is pre-Picard-Vessiot for &2 ensures that the kernel-pair
groupoid

Gf: XXyXXyX%XXyX%X

is a category in o7, and that we can define the Galois precategory
Gal[f] = mo(Gy)

as a precategory in £ . Moreover, if f is Picard-Vessiot for U, then it is also
pre-Picard-Vessiot for &2 and G|f] happens to be an internal groupoid in 2 .

Theorem (Galois theorem for differential schemes, [6.11)). A pre-Picard-Vessiot
morphism [ for & induces an equivalence

Split (f) ~ 2]

between the category of objects of 6-P(Y) that are C-split by f and the category of
P-actions of the precategory Gal[f].

If f is Picard-Vessiot for U, the latter becomes the category of & -actions of the
groupoid Gal[f].
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From our perspective,
Differential Galois theory = (precategorical) descent + categorical Galois theory.

More precisely, condition (i) from the definition of pre-Picard-Vessiot morphisms
ensures effective classical descent for precategory actions, while condition (ii) en-
sures the new type of precategorical descent where needed to apply the powerful
abstract techniques of categorical Galois theory.

Our Galois precategory appears to be a differential scheme version of truncated
to level 2 higher differential Galois groups developed by Ayoub in ]FH]T}S foliated
homotopy types of a differential field. We hope to be able to pursue our techniques
in the direction of higher category theory along similar lines.

1.5. Applications. Using the above template Galois theorem, we prove the follow-
ing result, which simultaneously refines classical Picard-Vessiot theory and strongly
normal theory of differential field extensions.

Corollary (Quasi-projective differential Galois correspondence . Let (K, 9) be
a differential field of characteristic 0 with the field of constants k, let S = Spec(k)
and assume

f:(X,8) = (Y,6) = Spec(K, )

is a quasi-projective morphism of S-differential schemes such that X is integral
and its only leaf is its generic point and f is auto-split. Then there is a Galois
correspondence between split S-differential quasi-projective fpqc quotients of f in
o/ and closed subgroups of the S-algebraic group Gal[f], which takes

X
4
P f
N\
"y
to
Gal[X — P].
Conversely, a closed subgroup G’ of Gal[f] corresponds to the quotient
X/G'.

As far as we are aware, we are able to formulate the first result in differential Ga-
lois theory which works over differential schemes with arbitrary categorical scheme
of constants.

Theorem (Polarised quasi-projective differential Galois theory,. Let f : (X,0x) —
(Y, dy) be a morphism of S-differential schemes such that

(1) the underlying scheme morphism X — Y is fpqc;

(2) (X,0x) is simple with respect to S-scheme morphisms, with scheme of
leaves Go;

(3) there is an S-morphism G1 — Gy such that

(X,0x) X(v,5y) (X,0x) = (X,6x) X(Go,0) (G1,0).
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Then f is Picard-Vessiot for the forgetful functor from polarised morphisms to
scheme morphisms, Gal[f] is the groupoid (Gy X Go) and we have an equiva-

lence between the category of quasi-projective polarised S-differential morphisms
(P, %p) — Y split by [ and the category of quasi-projective polarised actions

(@, Zg) — Go of Gal[f].

Parametric differential equations. The specialisation of Galois precategory result
[6-13] makes our Galois theory suitable for treating parametric systems of differential
equations where the parameters come from a constant scheme. We illustrate this in
on an example of an S-differential family f: X — Y of elliptic curves endowed
with a vector field in such a way that 7o(X) = mo(Y) = S and the Galois groupoid
is a family of elliptic curves over S

Gallf] = E 2 S.

As the parameter s varies over S(L), the specialisation formula give that
Gal[ﬂs = Gal[fs] = E;,

as an algebraic group over L, so our Galois groupoid specialises to classical Galois
%g&)&pﬁ% of strongly normal extensions associated with f calculated by Kolchin in

The Galois groupoid of a differential equation. In [7.9] we show that our notion of
a Picard-Vessiot morphism can be used to study symmetries of linear differential
equations through a canonical Galois groupoid, without making a non-canonical
choice of a Picard-Vessiot extension as in the classical theory. We study a Picard-
Vessiot morphism of differential schemes f : X — Y where X is associated to the
full universal solution algebra of the Airy equation

y' =y,

which yields a Galois groupoid of the form

Gal[f] = G1 :>> Go,

where the points of the object of objects G correspond to choices of Picard-Vessiot
extensions, and the object of morphisms GG; encodes isomorphisms between different
choices of Picard-Vession extensions.

This is scheme-theoretic generalisation of Deligne’s notion of the fundamental
groupoid of a Tannakian category where the object of object consists of fibre func-
tors, and the object of morphisms consists of isomorphisms between fibre functors.
Indeed, given the Tannakian category of finite-dimensional vector spaces with a
connection over a differential field, fibre functors correspond lgglyicard-Veig?ie%t ex-

. . . K gne-tanna
tensions, and we obtain a perfect analogy with our groupoid [I1].

1.6. Layout of the paper. A reader interested only in differential Galois theory
can start perusing the paper from Section [4] and occasionally look up the prereq-
uisites from previous sections. There, we develop differential algebraic geometry,
and discuss the numerous benefits of our original approach to differential schemes
as precategory actions, including the consideration of the categorical schemes of
leaves as connected components of precategories, simplicity of differential schemes
through universality of connected components, polarised differential schemes. One
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of the most important topics we develop is the theory of descent for differential
scheme morphisms.

In Section we explore the extent to which the classical categorical Galois
theory of Janelidze explains the affine Picard-Vessiot Galois correspondence.

In Section [6} we reap the benefits of the flexibility that the indexed version of
categorical Galois theory brings to differential algebraic geometry, and formulate a
very general template for the Galois theory of differential schemes. We apply this
theory in concrete settings of quasi-projective differential Galois correspondence
that works over a base differential field, and polarised quasi-projective differential
Galois theory that works over arbitrary differential schemes.

On the other hand, we must emphasise that previous sections contain a myriad
of results that may be of independent interest in category theory, especially in view
of connections to recent work related to descent theory %ﬁ%ﬁmﬁﬂ%
do not fully understand yet.

In Section [2, we discuss precategories and their actions, which, viewed as gen-
eralised descent data, give rise to a new form of precategorical descent, and find
sufficient conditions for effective descent. We develop a whole calculus of pullbacks
of descent data, and apply it to obtain a result on descent of quasi-projective mor-
phisms. We also discuss classical descent of precategory actions that gets applied
in the differential context later.

In Section [3] we recall the foundations of Janelidze’s categorical Galois theory,
its indexed form from his book with Borceux, and we expand the minute details of
the Carboni-Magi ~Ja I},%llidze categorical Galois correspondence that are implicit in
the original paper roa}L

This paper was largely motivated by numerous discussions with George Janelidze,
Andy Magid, Akira Masuoka, Tom Scanlon and Michael Wibmer, so we thank them
all for sharing their time and knowledge with us.

2. DESCENT

Throughout this appendix, let % denote a category with pullbacks, and let
P =€

be a fibred category equipped with a cleavage. Equivalently, we have an indexed
category associated to a pseudofunctor

P :%¢°° — Cat

where, for an object U in €, the fibre of & over U is the U-indexed component of
P,
2(U) = P(U),

and, for a morphism U L Vin %, we have a pullback functor

f*=P(f): 2(V)— 2(U).

2.1. Precategories and their actions. Let Ay be the diagram category

To d(]

1
m n
T1 d1
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with

dory = dy1o, don = idy,
dom = d()?"o, dln = ido7

dlm = d17’1~

A precategory in a category % is a functor

C: AQ — %.
Equivalently, it is a diagram
T0 dO
Cs n Cy 7 Co
T1 dl

in ¥, where the morphisms satisfy the relations indicated above.
The category of precategories in % is the functor category

PreCat(%) = [Aq,F).

Definition 2.2. The discrete precategory associated to an object U of € is the
diagram

AU) : U U U

where all the morphisms are identities on U.

Definition 2.3. The precategory associated to the kernel pair of a morphism w :
U’ — U in a category ¥ admitting pullbacks is the diagram

—_— _—
Gy : U xpU xpU —22 U x, U —2 U’
T12 U

which happens to be a groupoid without the inversion of morphisms named. Note
that, using the notation from [2.2]

A(U) = Giqy, -
Definition 2.4. For C € PreCat(%), the category of C-actions in & is the bilimit
2 =1lim(Z o C)

of the diagram of categories and functors

ry dg
P(Cy) 2 P(C1) — 5 P(Ch).

More explicitly, an action P € 2C consists of objects

P, e gz(CQ), P e @(Cl), Py e :@(Co),
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and isomorphisms

Py i, P % a;p,, Py &Py,
Py, mr P, PSP,
Pz Q T‘TP],

such that the diagram

* I n"do * n"é * J%
n*di Py «—— n*P; — n*di Py

\ T” /
P
commutes in #(Cp), and the diagram

* J*x m*éo * m*al * Jx
m*dy Py «—— m*P; — m*di Py

N N

’I"gdépo 20 P2 " T’Tdikpo
7'5(;0\ / \ /rrél
T‘SPl ’/‘Tpl
7‘851 TI(SO

rid; Py ——=——— rid; Py

commutes in #(C3), where the unnamed arrows are coherence isomorphisms.
Definition 2.5. The category of C-actions in € is
€C = Self (),
where Self(%)(C) = %) is the self-indexing of ¢ by slicing.
Remark 2.6. By considering the composite
7]
50 51
dSPO — Pl — dTPO

we see that an action P is equivalently given by an object Py € £(Cp) and an
isomorphism ¢ : dj Py — di Py in &(C1) such that the diagram

n*dy Py n*di Py

N7

50
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commutes in & (Cy), and the cocycle condition holds, i.e., the diagram
* ]k m*(P k%
m*diPy ———— m*di P
/ \
rody Po ridi Py

oY i
redi Py = rids Py

commutes in Z(Cy).
A morphism
(Pp) = (P ¢")
between two C-actions considered this way is given by a morphism ¢ : Py — P} in
P(Cy) such that the diagram

i
dsP == dz P’

| I
diy

1

d;P =5 dipP'

commutes in Z(Ch).

Remark 2.7. In terms of the fibration & — %, an action in € is given by a

precategory P € PreCat (%)

To do
m n
P,—™ P " P

living above C, where the arrows in P are cartesian.

2.8. Connected components of precategories.

Definition 2.9. The object of connected components of a precategory C € PreCat (%)

is the reflexive coequaliser
do
C1 == Co — m(C),
1

provided it exists in %.

If & . ¢°P — Cat is a pseudofunctor, the object of connected components of an
action P € 2C is defined as the object of connected components of the precategory
P € PreCat(%?) associated to & via

mo(P) = mo(P),

provided it exists in the fibred category & over €.

coeq-above-coeq| Lemma 2.10. With the notation from[2.9, suppose that mo(C) and mo(P) ewist.

Then mo(P) projects to wo(C), i.e., a reflexive coequaliser

d
P1 d:(]; P() 4p> 7T()(P)
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n P projects to a reflexive coequaliser
d
C d:; Co — mo(C)
1

mnE.

Proof. Writing p : &2 — € for the given fibration, and using the fact that c is
a coequaliser, there exists a unique morphism ¢ : S — p(mo(P)) in € such that
p(p) = te. Writing 0 : t*mo(P) — mo(P) for a cartesian lift of ¢, there is a unique
v : Py — t*mo(P) such that p(vy) = ¢ and 6y = p.
Since 6 is cartesian, we obtain that v coequalises d} and df’, so, since p is a
coequaliser, there exists a unique morphism o : mg(P) — t*mo(P) such that op = 7.
From the above, op = 8y = p, and, since p is an epimorphism, we obtain that
o =id.
Thus, 806 = 6, and, since 0 is cartesian, in order to show that
o0 =id,

it suffices to verify that p(cf) = id. Indeed, p(c8)c = p(o)tc = p(o)p(p) = p(op) =
p(y) = ¢, and the conclusion follows since ¢ is an epimorphism.

Proposition 2.11. With notation and assumptions of [2.10}, the pullback functor
0 P(m(C)) = AT o HC
induced by the unique precategory morphism
ne : € — A(mo(C))

determined by mg = ¢ has a partial left adjoint mg defined at P, i.e., we have a
bijection

P (mo(C))(m0(P), Q) =~ '@C(Pa ncQ),
natural in Q € P(my(C)), and P € P, whenever mo(P) exists.

Proof. The assumptions yield the diagram

P, P, P,
fzi w‘; f1: w f[): W
1 mo(P) mo(P) mo(P)
. £ v £ . £
n5Q l nQ | 7@ |
R | R | N |
Q Q Q
Cy Ch CO
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without the dashed arrows, where all horizontal arrows in & except possibly nf’,
nf and nf are cartesian.

By construction, g9 coequalises the source and the target morphisms of 17*Q,
whence, if we take a morphism (fy, f1, f2) € ZC(P,n*Q), qofo coequalises df’, d,
so there exists a unique morphism f : mo(P) — @ that makes the rightmost vertical
square, and ultimately the whole diagram, commutative.

Conversely, if we start with a morphism f : mo(P) — @, using that qo is carte-
sian, we obtain a unique morphism fy : Py — n3@ that makes the rightmost
vertical square commutative. Since the composite n7@Q — njQ — @ is cartesian,
we obtain a unique morphism f; : P — n7@ which makes the square involving
Py, Q, Q, mo(P) commutative, and, given that g is cartesian, f; and f, commute
with source and target morphisms. Using that ¢; is cartesian, f; and fy commute
with the identity sections. Continuing in the same fashion, we obtain a unique
fa i Po — n5Q that makes the whole diagram commutative. O

2.12. Precategorical descent.
Definition 2.13. Let

f:C—D
be a morphism in PreCat(%). We say that

(1) f is a descent morphism for &2, if the functor f* : 2P — 2C is fully
faithful, and

(2) f is of effective descent for 2, if the functor f* : 2P — 2T is an equiva-
lence of categories.

Lemma 2.14. Suppose that the reflexive coequaliser
do
Cl :;d CO — T ((C)
1
exists in €.
The morphism of precategories
n:C— A(m(C))
is a descent morphism for &2 if and only if the above reflexive coequaliser is universal
for P, i.e., for every Q € P (my(C)), the diagram
nme ==l —Q
remains a coequaliser.

Proof. The above diagram is a coequaliser if and only if mo(n*Q) ~ @, making n*
fully faithful. O

2.15. Descent data.

Definition 2.16. Given a family Z = {U; KU :ie I} of morphisms in %, the
category of descent data
DD(%)
consists of tuples
(Pier, (ij)@.erz)
where
e for every i € I, P, € 2(U;);
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e for every i,j € I, y;; : m; ;P — m; ;P; is an isomorphism in Z(U;;),

where U;; = U; Xy U; and the corresponding projections are given by the
pullback diagram

Mg N\
U; U,
uN, Uy
U

satisfying the cocycle condition: for every i,j,k € I, considering the triple pullback
Uijr = U; xy U;j Xy Uy, and the corresponding projections

Uz]k:

SN
J\'/i
\f/

the diagram

*
Tijk,ikPik

* *
ﬂ-ijk,iPi Wijk,kpk

Tke,ij s ik, ik Pik
*
i b

commutes in (U, ).
A DD(% )-morphism

(P> (@ij)is) = ((B)i (©5)ij)

consists of a family of morphisms (P; % P!icr in Z(U;) such that the diagrams

commute in 2 (U;;).
2.17. Pullback of descent data.

Definition 2.18. Let % = {U; 3 U : i€ I} and ¥ = {V; 2V jeJ}betwo
families in €.
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A morphism v : % — ¥ is given by a map of indices « : I — J, a morphism
g:U — V in € and a family of commutative diagrams

U Va(i)

U; l J/Ua(i)
g

U——V

foriel.
If v : (o, ¢, g}) is another morphism % — ¥ with ¢ = ¢/, we say that mor-
phisms v and ' are homotopy equivalent and write
v~

tacks-project
Lemma 2.19 (Pullback of descent data, T‘S&C $33 i.ec?! morphism v : Z — ¥V as
above gives a functor

v :DD(¥) —- DD(%),
(Pj; ¢j51) = (9 Pagiys (9i X gir) " a(iyair))-
Moreover, if v ~«', their associated pullback functors are canonically isomorphic,
=R
Definition 2.20. With notation from we say that

(1) v: % — ¥ is a descent morphism, if the functor v* : DD(¥') — DD(%) is
fully faithful, and

(2) v: % — V¥ is of effective descent, if v* : DD(¥') — DD(% ) establishes an
equivalence of categories.

Remark 2.21. Given a morphism f : U’ — U in €, the above definition applied to
the morphism of families f given by the diagram

vl
idl fo lf
Iy

tells us that fg is a morphism of descent (resp., effective descent) if the functor
f5:2(U)=DD(dy) — DD(f)

is fully faithful (resp., an equivalence).
Hence, f is a morphism of descent/effective descent in the classical sense when-
ever fg is descent/effective descent in the sense of

Definition 2.22 (Horizontal composition of boxes). The horizontal composition of
boxes ¢ and 9 in €

vl oy w
U — V' —W
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is the box ¢ o ¥ given by the diagram

vllw
ul pod lw
o

Remark 2.23. With notation of as an immediate consequence of the definition

of pullback functors from [2.19] we obtain an isomorphism of functors
(pod)” =y o™

Definition 2.24 (Vertical composition of boxes). The vertical composition of boxes
pand ¢’ in €

f
U——V
ul v lv
f/
U/ V/
u/ l <P/ l’Ul
U// f” V//
is the box ¢’ * ¢ given by the diagram
f
U——V
u/oul o lv'ov
f//

UII Vl/

Lemma 2.25. With the notation of[2.24} if ¢ is a descent morphism, and
(f % ) : PU xpn U) = PV xyn V)
is faithful, then ¢’ * © is a descent morphism.

Proof. The boxes

U—U Vel oy
U,OUJ/ pu J(u ’U/O’UJ/ pv J(v
U u’ U’ 7 v’ \d

satisfy
(¢ *p)opy = pu oy,
so we obtain a diagram of categories

DD(w o u)(m DD(v' o v)

p*ul lpix

DD(u) ——— DD(v)

where the vertical arrows are faithful.
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Indeed, pj; takes objects (P, ) € DD(u'ou) to (P, (id x id)*«) = (P, (U xy: U —
U xy» U)*a), and it acts on morphisms p : (P,a) — (P’, ') as identity, hence it
is faithful. A similar argument applies to pj,.

By assumption, the bottom arrow ¢* is also faithful, and it follows that the top
arrow (¢’ * ¢)* is too.

It suffices to verify that (¢’ * ¢)* is full. Let (P, «), (P’,a’) € DD(u o u), let
(Q.8) = (¢ @) (Pa), (@ 8) = (¢ ¢)*(P',a), and let ¢ : (Q,8) — (@, 8)
be a morphism in DD(v' o v), given by a morphism ¢ : Q@ — @’ in &(V) such that
the diagram

*

* md Ay
i@ — 7 Q

ﬂl . lﬁ’

q
m5Q —— Q)

commutes in P(V xyn V).
Since ¢* is fully faithful, there exists a unique morphism p : pj; (P, o) — pf; (P, )
such that ¢*(p) = pi,(¢), i-e., a morphism p : P — P" in Z(U) with f*(p) = q.
We claim that p is a morphism (P,a) — (P’,a’) in DD(u’ o u), i.e., that the
diagram

* wfp * D/
P — 7l P

R

2P
o P — w3 P’

commutes in Z(V xy» V). This is indeed the case, since pulling the diagram back
to Z(V xy» V) via the faithful functor (f x f)* gives the above diagram for g,
which is commutative.

O

Lemma 2.26 (A morphism admitting a section is of effective descent). Suppose we
have a morphism [ : U’ — U admitting a section s : U — U’, so that fos =idy.
Then f is of effective descent. More explicitly, the functor

T =rf5:2U) - DD(f)

has a quasi-inverse o* associated to the box

U U

| I

I

Proof. The composite o o fg represents the outer box of the diagram

sof
U’Q?U’
il
id

U——U
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and let us denote the inner box by id;. These boxes are homotopy equivalent in
the sense of the ‘moreover’ clause of [2.19] whence

foo* =~ (0o fo)" ~id} =id : DD(f) — DD(f).
Conversely, using the fact that s is a section of f,
o' f§ ~ (fooo)* =id: DD(idy) — DD(idy).
O

2.27. Classical and precategorical descent. Let u : U’ — U be a morphism in
%, and consider the groupoid

Gy
associated to the kernel pair of u, as in 2.3
Comparing [2.6] and we see that we have an isomorphism
DD 5 (u) = 2C-.

Moreover, a box

induces a morphism
F=(f'<f xf f'x<f,f):Gy— Gy,
and the functors
©* :DD(u) — DD(v), and F*: 2% - 20

are isomorphic.

Hence, ¢ is a morphism of descent/effective descent in the classical sense of
if and only if F is a morphism of descent/effective precategorical descent in the
sense of

In particular, a morphism w : U" — U is a morphism of descent/effective descent
in the classical sense if and only if ug is of descent/effective descent, if and only if
the precategory morphism G, — A(U) = Gjq,, is a morphism of descent/effective
precategorical descent.

2.28. Descent of precategory actions.

Proposition 2.29. Let &2 : €°° — Cat be a pseudofunctor, and consider the
pseudofunctor

2 : PreCat(%)® — Cat, X P
Let f : C — D € PreCat(%) be a morphism of precategories in € such that
(1) fo is of effective descent for P;
(2) f1 is descent morphism for &P ;
(8) f5 is faithful.
Then f is of effective descent for 2.
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Proof. We must show that the canonical morphism
PP = P(D) —» 2% =DD ;(f)
is an equivalence of categories, where
Gy € PreCat(PreCat(%))
is given by

GQZCXD(CXD(.‘:;’Glz(CXD(C‘iGo:C

with G, G1, G2 € PreCat (/) p. Expanding the components of these precategories
as columns, we obtain a diagram

— —
CQ X Dy Cg XD202—>CQ X Dy Og<—02

Il Il

1 XDy Cl XD, Cl—>Cl X Dy CU—Cl

I il

—_— —
CO XDOCO XDOCO%CO XDDCO%CO

where the rows are the groupoids Gy,, Gy, , Gy, associated to kernel pairs of mor-
phisms f2, f1, fo that constitute f.
An action P € P®s consists of a diagram

P P P,

consisting of P, € @(Gg) =P% p e ,@(Gl) =25 p)e @(GO) = PCo and
cartesian arrows in the fibration associated to &. Expanding the components of
P,, P, and P, as columns, we obtain a diagram

o)
e

I
’ |

)

i

P FPee—= P

1 Pl, 0,1
0 Py Po.o

in the fibred category associated to &2, with all morphisms cartesian.

Hence, the rows yield actions Py € #%2 ~ DD x(fs), P, € 21 ~DDg(f1),
Py € %50 ~ DD.p(fy). Considering descent data as a pseudofunctor on the arrow
category

DD : Ar(%)°? — Cat,
the diagram

determines an action
P e DD/,
where f = (f2, f1, fo) € PreCat(Ar(%)).
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Hence, we have shown that
DD ;(f) ~ DD,

Since fy is effective descent, there is an object Qo € Z(Dy) such that, writing
Qo = (Qo,id) for the trivial descent datum, we have Py ~ fj5Qo. The action

isomorphism dé, fpo 2 d’{’ fPO yields an isomorphism

fiodsQo ~ dj 1 fonQo ~ d s Po =5 di ;Po ~ dj ; finQo =~ find;Qo,
where we wrote dy and d; for the obvious boxes/morphisms idp, — idp, in Ar(¢€).
Given that f; is descent, we obtain a unique action morphism

— B — _

dyQo — diQo
such that fi E ~ «. Note that E is uniquely determined by an isomorphism

* B %

dyQo — diQo,

and it remains to verify that § satisfies the cocycle condition
rifory8 ~m*g
in Z(Ds), or, equivalently, that 7} BOFS B and m* (3 agree up to coherence. Applying
the functor f;- to both yields
f;DFTB o fz*DFSB ~ TT,ffikDB o Tg,ffl*ljﬂ_ ~ rifa oo rafoz
and
fopm™ B ~m} finB ~ mia,

which agree up to coherence by the cocycle condition for . By faithfulness of fj-,

we obtain the cocycle condition for 8, and we have constructed a unique action
(Qo,B) € 2P (up to isomorphism) that lifts to P, as desired. O

2.30. Descent for quasi-projective morphisms.

Proposition 2.31. A scheme morphism f : X — Y whose codomain Y is the
spectrum of a field k is of effective descent for quasi-projective morphisms.

Proof. Let k' be a finite extension of k with X (k") # 0. Writing Y’ = Spec(k’), we
have a pullback diagram

x 2 x

ol

y Ly

where f’ admits a section s afforded by a k’-point of X’. The morphism g is finite
oggeimlly free surjective, hence of effective descent for quasi-projective morphisms by
15 VIII, 7.7], and so is ¢’ as a base-change of g. Consider the diagram

g’ s f

X X’ v X/
fl a fg%gf’ 8 Jg g Jgf’
Yy id y id Yy id Yy

defining boxes «, § and v in €.
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Writing o for the box
X vy

rloo |

Y’ id Yy’
we directly verify that 8 = idg *o and v = id, xf{;.
As in the proof of we have that o o f;; ~idy/, so
Boy=(idgx0) o (idg *f5) = idy *(0 o f) ~ idy *idp = idgo s,
whence
N B* ~id .
Conversely, vof yields identity on the nose, so we conclude that v* is an equivalence
of categories.
Using the fact that ¢’ is of effective descent and that ¢’ x ¢’ is finite faithfully flat,

Lemma m gives that the functor a* associated to a = idy xg(; is fully faithful.
We directly verify that gooy = foa, whence we obtain a diagram of categories

s DD(f) .
- >~
2(Y) DD(fg')

>~
‘0 DD(g)

where we know that o f = v*gf is an equivalence of categories, and o is fully
faithful, so we deduce that f7 is also an equivalence. O
3. CATEGORICAL GALOIS THEORY

3.1. Classical Janelidze’s categorical Galois theory. Consider an adjoint pair

of functors
S <—<> c

X
with unit n : id — CS and counit € : SC — id. If &/ admits pullbacks, for any
X € o/ we obtain an adjunction

) x

Sx < — > Cx
Z)s(x)
where
S(a)

Sx(A % X)=8(A4) == S(X),
and Cx(E 5 S(X)) is obtained by forming the pullback
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| e

X —2 0S(X)

in .
A morphism X Lyinw gives rise to the pullback/base change functor
f* : 'Q{/Y — %X7
which admits a left adjoint
frid)x = Ay, a— foa.

orceux-janelidze a

Following H)& ef. 5.1.7] an object A — Y € &)y is split by X 1 ¥ € o when the
unit 77X :id = Cx Sx of adjunction Sx - Cx gives an isomorphism
nf*a : ffa— CxSx(f*a).
orceux—-janelidze

If Cx is fully faithful, a is split by f dr& or. b.1.13]), if and only if there exists
an object E % S(X) such that

ffa~Cx(e).
We write
Splity- (f)

for the full subcategory of &y of objects split by f.
The morphism f is of relative Galois descent if
(1) f* is monadic;
(2) the counit €X : SxCx — id of adjunction Sx 4 Cx is an isomorphism;
(3) for every E % S(X) in Z7s(x), the object fiCx(e) € o7y is split by f.

If X L5 Y is of relative Galois descent, the Galois precategory
Gal[f] = S(Gy)

is actually an internal groupoid in %" given by the data

S(m1)
(S(m1), S(ra)) 5
S(X %y X) xs0x) S(X xy X) —20 §(X xy X) g th— §(X)
_

U

5(7)

where 7 is the morphism interchanging.the copies of X, and A is the diagonal.
Janelidze’s Galois theorem (|8, Thm. 5.1 .22% gives an equivalence of categories
Splity- (f) ~ 2 G2/,

of f-split objects and the actions of the internal groupoid Gal[f] in 27, as in
The proof consists in verifying that the monad T associated to the adjunction

Splity (f)

F=fiCx <4> U=3S8xf"

2/5(xX)
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orceux-janelidz

of the monadic functor U H) or. 5.1.21]), with functorial part T = UF, is
isomorphic to the monad T” on 2)g(x) associated to the adjunction

g Gallf]

F/ <_|> U/
27s(x)
where U’ is the forgetful functor omitting the groupoid action, and F” is the ‘rep-

resentable internal diagram’ functor, whose functorial part is 7" = dydj and the
category of algebras is the category 2 G2llfl. Hence, we obtain equivalences

. K* r KV a
Splity [f] = (Zs(x)T = (Zs(x))" ¢ 2 9]

where we wrote KT and K™ for the comparison functors of the respective monads.

In this case modulo the identification of the category of T-algebras (%£)g(x) )E
with 27 G241 the functors realising the sought-after equivalence are the comparison
functor

@ = K" : Splity (f) = (Zs(x))",  p— (U(p),U(sp)),
and its left adjoint

V)
¥ (q,0) -+ Coea (FUF(q) 3 F(g))

Where (Q 4 X, v) is a T-algebra and e : FU — id is the counit of the adjunction
f; AU, .ﬁlmd the coequaliser exists by the proof of Beck’s monadicity criterion as in

By 1dent1fying T and T’, and writing Gal[f] = (S(X xy X), S(X)) = (G1, Xo),
the top arrow appearing in the coequaliser is obtained by applying F' to the action
G1 xx, @ % @, which, modulo the identification X Xx, (G1 Xx, Q) ~ X xXx,
G1 X x, Q gives the morphism

idXVZXXXO Gl XXOQ—>XXX0 Q
If p € Splity [f] then f*(p) ~ Cx(g) for some ¢, whence the counit ¢, is
FUp = fiCxSx [*p ~ fiCxSxCxq ~ fiCxq ~ fif*p — p,

so the bottom arrow ¢p, identifies with f,f*Fq — Fgq, which, modulo the isomor-
phism

XXy(XXXOQ) ~ (XXYX)Xx(XXXOQ) ~ (XXXOGl)XX(XXXOQ) ~ XXXOG1><XOQ,

identifies with
MXid:XXXOGl XXOQ%XXXOQv

where p denotes the Gal[f]-action on X. Thus, we may symbolically write the
above coequaliser as the quotient

(g, v) = Coeq(id xv, u x id) = F(q)/ Gallf] = (X xx, Q)/ Gallf],

by the twisted-diagonal action of the Galois groupoid on X X x, Q.
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3.2. Carboni-Magid-Janelidze Galois correspondence.

Fact 3.3 (ﬁ%ﬁgLet € be a category with pullbacks and coequalisers of equivalence
relations. In the presence of pullbacks, reqular epimorphisms coincide with effective
epimorphisms, and we call them quotients for short.

Let G = (G1, Go, do,d1,e,m) be an internal groupoid in €. Let us write Ge%C
for the canonical action of G on itself. There is a bijection

Sub(G) ~ Equiv(G)
between the set of subgroupoids of G with the same object of objects and the set of
equivalence relations on G in € as follows.
Given a subgroupoid G' = (G, Go) with v : G| < G1, the corresponding equiva-
lence relation on G is

™1

Rao =G xa G G
G 1 XGo 1ﬁ1

Conversely, if R — G x G is an equivalence relation on G in €€, we define the
corresponding subgroupoid by the pullback

¢, —— R

j (idey , edr) [

G — G xg, Gh

where G1 x¢q, G1 is the kernel pair of d;.
A subgroupoid is called effective is the associated equivalence relation is effective
in the sense that it is the kernel pair of its coequaliser.

Theorem 3.4. With notation from suppose that f : X — Y is of relative
Galois descent with Galois groupoid G = Gal[f] internal in 2. There is an anti-
isomorphism

SplitQuo| f] ~ EffSub(Gal|[f])

that assigns

X
d
P f = GallX — P]
AN
"y
X/G' G

between the ordered set of quotients of X overY in Split[f] and the ordered set of
effective subgroupoids of Gal[f].

Proof. We use the equivalence established by functors ® and ¥ from and the
fact that, in the presence of pullbacks, quotients (regular epimorphisms) agree with
effective epimorphisms.
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If the quotient p of X from the above diagram is f-split by Q % Xy = S(X),
ie., f*p ~ Cx(q), applying the comparison functor ® gives an effective quotient

Q2

7
Q
N\

qu

and an effective equivalence relation G XQ G < Gx X, G on G. The corresponding
effective subgroupoid Gp of G is given by

Gpa G1 xq G1

G£ (ida, ,edr) [

1 — G xg, Gh

Conversely, an effective subgroupoid G’ of G is associated with the action

G/G' = Coeq(Rer =X G)

in 2°C¢ given as the coequaliser of its associated effective equivalence relation, and
then taken to the split quotient

V(GG ~ (X xG/G))G ~X/G" = /G
= Coeq (F(G! = Xo) — F(Gy — Xo) == f),
proj
where p: X xx, G — X denotes the action of G on X.
The assignments given above clearly establish an equivalence because they are
constructed as restrictions of ® and V¥ to the appropriate full subcategories, but we

find it useful to provide a direct proof of the correspondence.
By construction, the groupoid associated to X/G’ is

GX/G’ =G XGXXOG (G XG/G’ G) ~ GGXXOG(G X Xo G/) ~ G/,

where the isomorphism holds by effectivity.
Conversely, if P is f-split by @, then

P~ \I/(Q) = \I/(G/Gp) = (X X Xo G/Gp)/G’i X/Gp
It remains to show that Gp1 ~ S(X xp X), i.e.,
Gp ~ Gal[X — P].

By applying Cx to the pullback diagram defining Gp; above, and using the fact
that the right adjoint C'xy commutes with pullbacks, as well as the relations wit-
nessing splitting of the objects involved, we obtain a pullback diagram

Cx(Gpy) fH(X) xg=p) f(X)

j (id, A o proj) l

fr(X) ———— (X)) xx f1(X)
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which, using f*X ~ X xy X and the groupoid structure of Gy, simplifies to
Cx(Gp1) ~ X xp X, whence Gp; ~ Sx(X xp X). O

3.5. Indexed categorical Galois theory.

orceux-janelidze .
Theorem 3.6 (H)S, 7.5.3, discussion after 7.6.2]). Suppose we are given
(1) a functor S :of — Z;
(2) pseudo-functors K : Z°°P — Cat and L : &/°P — Cat;
(8) a pseudo-natural transformation o : K oS = L;
(4) a ‘precategorical decomposition’ of a morphism X i> Y in &, i.e., a com-
mutative diagram of morphisms of precategories

Ax) 29 A

N A
C

with iy = idx, and such that the components ac,, ac, and ac, are full
and faithful.

If (f, (i,C, 7)) is of effective descent with respect to L, we have an equivalence
of categories
Split,, (f) ~ K9°C,

4. DIFFERENTIAL ALGEBRAIC GEOMETRY

4.1. Differential schemes. A differential scheme
(X, (Ox,0x))

is a differentially ringed space where (X, Ox) is a scheme, and dx € Der(0x, Ox).
A morphism of differential schemes

(f,0) 1 (X, (Ox,0x)) = (Y, (Oy,dy))

is a morphism of differentially ringed spaces which is also a scheme morphism, i.e., it
is a scheme morphism (f, ) : (X, 0x) — (Y, Oy ) whose structure homomorphism
is a morphism of differential rings ¢ : (Oy,dy) — f.(Ox,dx), or, equivalently, its
mate is a morphism of differential rings ©* : f*(Oy,dy) = (Ox,0x).

They constitute the category of differential schemes denoted

§-Sch.
‘We have an obvious functor
C:Sch — §-Sch, (X,0x)— (X,(0x,0))

that turns a scheme into a differential scheme with the trivial derivation 0.

Given a scheme morphism (f,¢) : (X, Ox) — (S, Os) and an Ox-module .7, we
say that an additive morphism D : Ox — % is an S-derivation of Ox to F if it is
an f*Og-derivation via p* : f*0g — Ox, or, equivalently, if D, : Ox oz — Fy is an
Os, f(x)-derivation via @b Os,f(z) — Ox for every x € X. The collection of all
S-derivations of Ox to .% is denoted

Ders(ﬁ’x,ﬁ).

A differential scheme (X, (0x,0x)) equipped with a scheme morphism (f, ) :
(X,0x) — (S, Og) is called an S-differential scheme provided dx € Derg(Ox, Ox).
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Clearly, an S-differential scheme (X, dx) is a morphism of differential schemes
(X,0x) = C(S) = (5,0). Thus, the category of S-differential schemes is the slice
category

5—SChS = 5—8Ch/c(s).

4.2. Differentj emes and vector fields. Let (f,¢) : X — S be a scheme
morphism. By I[T4] 16.5.3], the universal differential

dX/S : ﬁX — Q%(/S

is an S-derivation, and composing with dx,g induces an isomorphism of I'(X, Ox )-
modules
HomﬁX(Q}(/S, F) 5 Derg(Ox, F)
for any Ox-module .Z.
Let

Tx;s = V(Qx/s)
be the tangent bundle of X relative to S, defined as the vector bundle associated
to the quasi-coherent & X—modu%%ZlQ%( /s (i.e., the spectrum of the quasi-coherent
Ox-algebra Sym(QY/4)) see [14]16.5.12]. —
For a point x € X, the tangent space of X at x relative to S is defined [14]
16.5.13] as

Tx/s(x) = (Txs xx Spec(r(2))) (k(x)) = Homyq) (Qx/s @oy k@), k().
Choosing an S-derivation dx € Derg(0x, Ox ), we therefore obtain a morphism
of O'x-modules
Q}(/S — ﬁX7
which yields a section X — T'x/g of the relative tangent bundle, that we think of
as a vector field on X relative to S.

Pointwise, for every = € X, pulling back the &x-modules to x(x)-modules via
the morphism Spec(x(z)) — X yields a morphism

Qx/s ®ox K@) = K@),

an element of T'x/g(x). This construction is in line with the classical notion of
vector field in differential geometry as a map that sends a point to a vector in the
corresponding tangent space.

A point x € X is a leaf for the vector field given by Jx if the corresponding
tangent vector at z is 0.

4.3. Differential spectra and affine differential schemes. The spectrum of
the underlying ring of a differential ring (A4,d4) carries a natural structure of a
differential scheme

Spec(A,d4) = (Spec(A), (Ospec(a), Ispec(a)))-
Indeed,
dspec(A) * Ospec(4) = Ospec(A)
is determined on basic opens D(f) in Spec(A), for f € A by setting

5a(a)f — ada(f)

6Spec(A),D(f) : ﬁSpec(A)(D(f)) = Af — Af = ﬁSpec(A) (D(f))a = f2

e
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This construction extends to a functor
Spec : 6-Rng®? — §-Sch,
right adjoint to the global sections functor
I': (X,(0x,0x)) = (Ox(X),0x x)
as the diagram
0-Sch

r <4> Spec
0-Rng°P

depicts.

A differential scheme is affine, if it is isomorphic to a spectrum of a differential
ring. Clearly, the category of affine differential schemes is anti-equivalent to the
category of differential rings, i.e.,

0-Aff ~ 6-Rng°P.

4.4. Differential schemes as precategory actions. Given a scheme S, let us
consider the diagram of quasi-coherent &g-algebras

€p <+ € id +0
+ €1 <€ 2 e— 0

Osleo, 1) /(coer, ) 2L gl /() —=0 g
e

GATT
Applying the spectrum of quasi-coherent €g-algebras functor HZTS,j.Z’)], we obtain
a precategory D(.S)

To do
m n
52 1 Sl d; SO

in Sch/g consisting of schemes affine over Sy = S, and the underlying morphisms of
topological spaces are all identities.
Note, if we write
D(Z) = D(Spec(Z)),
then
D(S) = D(Z) x A(S) = (S x Spec(Z[eo, €1]/ (€2, eoer, €2)), S x Spec(Ze]/(€2)), S).

Proposition 4.5. The category of S-differential schemes is equivalent to the cat-
egory of D(S)-actions in Schyg (cf. ,
0-Schg ~ (Sch/S)D(S).

Proof. Using an action is determined by a scheme morphism Xy, = X —
S = Sp and an Sj-automorphism « : X; — X;, where X; = X xg, S; satisfying
n*a = id and the cocycle condition. Equivalently, it is given by an Ogle]/(€?)-
automorphism of Ox, = Ox|e]/(€?) which, tensored by the augmentation morphism
ns : Osle]/(€2) — Os gives idg,, and it follows that it must be of the form

idﬁx [€e]/(e2) +€edqy © nx,

where 6, € Derg(Ox,Ox) and nx : Ox|e]/(€?) — Ox is the augmentation homo-
morphism. Note that such a morphism always has an inverse idg, [¢]/(e2) — €00 0 Nx -
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The cocycle condition is trivially satisfied/superfluous, since r}« is determined
by the automorphism of Ox [eg, €1]/ (€2, €o€1, €2) given by id +€;0, 0nx 2 for i = 0,1,
and m*« is given by id +(ep+€1)dq 0nx 2, Where we wrote 1x 2 for the augmentation
homomorphism Ox [eg, €1]/(€3, €oe1, €7) — Ox, and these morphisms compose in the
way prescribed by the cocycle condition.

Thus, an action uniquely determines a derivation, and we obtain an S-differential
scheme (X, (Ox,d4)).

Conversely, given an S-differential scheme (X, (0x,dx)), we can create a D(.5)-
action from the diagram

Lfotte ~id40
+
ﬁx[éo,él]/(Gg,Goel,E%) ﬁ ﬁX[E]/(eQ) ﬁ ﬁX

by applying the spectrum of quasi-coherent &p-algebras functor. All the resulting
morphisms are cartesian, so we obtain an action by [2.7} O

Remark 4.6. The scheme of connected components is
mo(D(S)) = S
because it is calculated as the coequaliser of morphisms dy, dy in D(S), which agree.
Hence, writing
n:D(S) = A(S)
for the associated morphism of precategories, the functor
C : Sch/g — 6-Schs, T — (T,0)
corresponds, through the equivalence to the functor
n* : Schyg — (Sch/S)D(S).
Definition 4.7. Let
. Sch;)g — Cat
be a pseudofunctor on the category of S-schemes.
We define a pseudofunctor
5- : 5-Schy — Cat, §&-P(X,0x)= P*,
where X € PreCat(Sch/g) is the D(S5)-action corresponding to X, considered as a
precategory by
Remark 4.8. Assume that the indexed data &7 : Sch;)g — Cat is a full sub-

pseudofunctor of the self-indexing of Schyg, i.e., for Y € Sch/g, Z(Y) is a full
subcategory of Schyy. We can think of &2 as being associated to a class of mor-
phisms in Sch/g that is stable under pullback, Then, the indexed data -2 is a
natural differential analogue of that class in the sense that, for (X,dx) € 6-Schg,

5-P(X,6x) = {(P,6p) — (X,0x) € 6-Schs : P — X € (X))},

i.e., it consists of those morphisms of differential schemes with target (X, §x) whose
underlying morphism of schemes belongs to the class &.

Example 4.9. If Z(Y) is the category of quasi-projective morphisms @ — Y,
then, given an S-differential scheme (X, dg), the fibre §-2(X,dx) is the category
of S-differential scheme morphisms (P,dp) — (X,dx) such that P — X is quasi-
projective.
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4.10. Differential schemes as formal group actions. The additive formal group
scheme is given as the formal scheme

Ga = SpE(Z[[t]]),

where the group operation is deduced from comultiplication
Z[[t]] — ZIMSZIu]] = Z[[t, u]], t—t+u,
and the identity section from the counit map
Z[[t]] = Z, tw— 0.

The associated functor of points sends a ring R to the additive group of its nilpotents

Ga(R) = Nil(R).

ardavid

Fact 4.11 (Bardavid, [3; 8:3.1]). There is bijective correspondence between formal
group actions of G, on a scheme X and systems of Hasse-Schmidt derivations on

its structure sheaf Ox.
In particular, differential schemes in characteristic 0 are precisely G, -actions,

5-Schg = (Schyg)®e.
Indeed, an action is a formal scheme morphism
p: @a XX =X

satisfying the usual axioms. It is ‘infinitesimal’ in the sense that it does not affect
the underlying topological space of X, and, at the level of structure sheaves, for U
open in X, it is given by a ‘Taylor expansion’ map

ox(U) = o)), fr— Zdi(f)t",

where (d;);en is a system of Hasse-Schmidt derivations.
In characteristic 0, we have that §; = ‘Z—: for a derivation 6 on Ox. In terms of
functors of points, the action is given by the expression

(1) Nil(R) x Hom(Spec(R), X )— Hom(Spec(R), X),

o488 .
2) (e (0, %)) (3 22,

1!

i
where ¢! : Ox — ©xOspec(r), and we consider € € Nil(R) as a global section of
Ospec(R), and the sum is finite because e is nilpotent.

4.12. Trajectories and leaves. Let (X,dx) be an S-differential scheme, where
S is a Q-scheme. Let us write G = @a x S for the formal additive group scheme
considered over S, let p: G xg X — X be the corresponding infinitesimal action
by dx, and write ¢ = (p,p2) : G xg X = X xg X.

Given a generalised point « : T — X, the corresponding action map a, is
obtained as the pullback

GXST*’GXSX

all Jw

id Xz

X xgT —X xg X
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and it is given more explicitly by a, = (p o idg xx, p2).

Definition 4.13. With above notation, the orbit of = is the scheme-theoretic image
of the action map a;,

O(z) = Im(ay,),
and the reduced orbit of x is the underlying reduced closed subscheme

0l(x) = |O(x)].

Lemma 4.14. Let x € X be a scheme-theoretic point, and consider the correspond-
ing morphism T : Spec(k(x)) — X. The scheme-theoretic image of the composite
morphism

te 1 G xg Spec(r(z)) 25 X xg spec(k(x)) = X

is integral, and its generic point is a leaf.

Proof. The statement is local on X, so we may assume that X = Spec(4,J) is
affine. The morphism a, corresponds to the map

As @i, £ Y20y

il

where « : A — k(z) is associated with Z and the point x corresponds to p = ker(a).
The kernel of the above map is
pp={fe€A:6"(f) €p for all n},

. ... Ikeigher-prime-diff-idl
and Keigher has shown that py is prime in [7, 1.5]. O

Definition 4.15. If z € X is a scheme-theoretic point, we define its trajectory as
the unique leaf Traj(z) satisfying

Im(t,) = {Traj(z)},
anl 4.14) shows that the definition is meaningful and agrees with the notion from

Lemma 4.16. With the above notation, for x € X, Traj(z) is the generic point of
the scheme-theoretic image of O(x) via w1, i.e.

Im(t,) = m(0(x)).
Lemma 4.17. Let f : X — Y be a morphism of S-differential schemes. If x :
T — X is a generalised point, and y = f o x its image in 'Y, then O(y) is the
scheme-theoretic image of O(x) under the morphism f X idr,
O(y) = (f xidr)(O()).
Consequently, if x € X is a scheme theoretic point and y = f(x), then
Traj(y) = f(Traj(z)).

Both lemmas are immediate using the familiar behaviour of scheme-theoretic
images of the composite morphism.

Lemma 4.18. With the above notation, let ' : X — S’ be the base change of n
by a morphism S — S. Let ' : T — X' be a generalised point of X', and let
x:T — X be its projection. Then
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Proof. By using the definition of orbits maps, we obtain a cartesian diagram

G/XSIT%GXST

X’XS/T*’XXST

where the horizontal arrows are isomorphisms, so we conclude that scheme-theoretic
images of the vertical arrows are isomorphic. ([l

Lemma 4.19. Consider the composite x' : T" SR NN X, where t is a free affine

morphism. Then
O(IE,) ~ O(x) XX xsT X Xg T.

In particular, if x € X is a scheme-theoretic point, and t : Spec(L) — Spec(k(x))
for some field L containing x(zx), then

m1(|0)(2")) = Traj(x).

Proof. Both squares of the diagram

GXSTI%GXST%GXSX
e e

X xgT/ 9 X w7 14X% ¥ wo X

are cartesian, which means that a, is the base change of a, by the affine free
morphism id x7". The free base change formula for scheme—tﬁ}g%gl:nci)c images holds
even in the case where morphisms are not quasi-compact by [I6, Prop. 4].

The second claim follows by taking scheme-theoretic images of the closed sub-

schemes
O(z') O(x)
X Xg T — X xXg T
via first projections into X. O

4.20. Categorical scheme of leaves. The following definition is inspired by the
notion of ‘espace des feuilles grossier’ that appears in B rdoauxgd’s thesis %3, 2] and
that of ‘quotient discret catégorique’ from Ayoub’s paper [7, 3.2.4], which ultima
stems from the notion of categorial quotient familiar in algebraic geometry, see
0.5], for example.

Definition 4.21. Let (X,dx) be an S-differential scheme. A scheme T' € Schg,
together with a morphism of S-differential schemes 7 : (X,dx) — C(T) = (T,0)
is a categorical S-scheme of leaves, if it is a universal morphism from (X,dx)
to the functor C' in the sense that any other morphism of S-differential schemes
7 (X,0x) = C(T") = (17, 0) factors through 7, i.e., there is a unique S-morphism

%gulgxgjford—git
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f:T — T’ such that ' = C(f) on. In other words, the solid part of the diagram

(X,6x) ————— CO(T)

N

o)

can be uniquely completed by a dashed arrow to a commutative diagram.

Remark 4.22. The categorical scheme of leaves need not exist for an arbitrary dif-
ferential scheme (X, dx ), but when it does, it is unique up to unique isomorphism,
and we denote it

) (X) .

Remark 4.23. Given a differential ring (A, d4), it is difficult to speculate whether
mo(Spec(A,0.4)) exists. Note that the scheme Spec(Const(A, J4)) only satisfies the
universal property required of a categorical scheme of leaves in the category of affine
differential schemes, but not necessarily in the category of all differential schemes.

Lemma 4.24. Let X € PreCat(Sch/s) be the D(S)-action associated to an S-
differential scheme (X, 0), considered as a precategory. Then, the categorical scheme
of leaves of (X,0x) is isomorphic to the scheme of connected components

do
7o (X) = Coeq (X1 — Xo)

of X in the category Schyg, whenever either of the objects exist. In other words,
m0(X) =~ 7o (X).
Proof. Using we obtain that
0-Schg (X, dx), C(T")) = (Schys)” ™) (X, n*T") = Schyg(mo (X), T'),
whenever 7o (X)) exists, hence 7o (X) satisfies the universal property of the categorical
scheme of leaves. O

4.25. Geometric scheme of leaves.

Definition 4.26. A morphism of differential schemes

n:(X,0) = C(Q) = (Q,0)
is called a geometric quotient, making Q) a geometric scheme of leaves, if
(1) the topological condition: 7 is surjective and submersive;

(2) the orbit condition: for z,2’ € X,
n(x) = n(z’) implies that
there exists a field L extending x(z), k(2’) with |O|(z1) = |O|(27,),

where we write 27, for the composite Spec(L) — Spec(k(z)) — X;
(3) the sheaf condition: the sequence of quasicoherent Jg-modules

t
0= g 15 n.ox ™% n.0x

is exact, i.e., Og ~ Const(n.Ox). savid
araavl

A morphism 7 as above is a Bardavid quotient (|3, 8.4.2]), when we replace the
orbit condition by
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(27) the trajectory condition: for x, 2’ € X,
n(z) = n(z') implies Traj(z) = Traj(z’).
b
We note that variants of this notion appear in ? ,O u3.2.4].

ardavid

Fact 4.27 (3] 8:4.3]). A Bardavid quotient is a categorical quotient.

Proposition 4.28. If n(X,6) — (Q,0) is a geometric quotient, it is a Bardavid
quotient. Hence, a geometric scheme of leaves is a categorical scheme of leaves.

Proof. If L is a field extending x(z) and x(z’) such that |O|(zy) = |O|(z]), then,
using we obtain
Traj(z) = m1(|0](x1)) = m(|O|(27)) = Traj(z’),

hence the orbit condition implies the trajectory condition. The second statement
follows from H.270 0

Definition 4.29. A categorical/Bardavid/geometric quotient n : (X,d) — (Q,0)
is universal, if it remains such after an arbitrary base change q : Q' — Q. A
quotient is uniform, if it is stable under any flat base change q.

4.30. Simple differential schemes.

Definition 4.31. An S-differential scheme (X, dx) is simple with respect to the
pseudofunctor & : Sch)g — Cat, if its categorical scheme of leaves mo(X) exists
and the coequaliser

d
)(1ﬁ:%§£j )(0‘44Q4$ Wo()()

is universal for & in the sense of i.e., if X has a Z-universal scheme of
connected components, or, if 7 is a categorical quotient universal with respect to

P.
Lemma 4.32. If an S-differential scheme (X, dx) is simple for &2 with categorical

scheme of leaves nx : X — mo(X), the canonical functor
Cx : P(mo(X)) = @A) Ty X 5. (X, 6x)

is fully faithful, where we wrote nx : X — A(mo(X)) for the associated morphism of
precategories inducing the pullback of precategory actions ng as in|2.11]

Proof. Using we have that the arrow in the above diagram is fully faithful, so
the composite is too. (I

Remark 4.33. When & is a sub-pseudocategory of the self-indexing of Sch/g as in
we obtain that

Cx(Q — (X)) = (X,0x) Xc(m(x)) C(Q),
so C'x agrees with the functor introduced in the classical Galois context [3.1]
Lemma 4.34. Let
07 -5 Fo 2 Ty 2 Fy =0
an ezxact sequence of quasicoherent modules on a scheme Y, such that

(1) « is universally injective, and

(2) %y is flat.
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Then, for any morphism g :Y' —'Y, the sequence
0— g*y1 B) g*yg g_B> g*yg u> g*yzl —0
is exact.

Proof. Since all the assumptions and the claim are local in the Zariski topology, we
may assume that Y and Y’ are affine, say Y = Spec(A), Y’ = Spec(4).
Consider the short exact sequences of A-modules

0= F 35 F—im(B) =0 and 0—im(3) = F3 5 F, — 0.

Since « is universally injective, the first sequence is universally exact, so
0= ¢'F 23 ¢*F — ¢* im(8) —» 0

is exact, where g*F = A’ ® 4 F'. Applying g* to the second sequence yields a long
exact sequence for Tor,

.- — Tor(Fy, A') — g*im(B) — ¢* F3 e 9" F4 — 0.

Since Fj is a flat A-module, we have that Tor{ (F,, A’) = 0, so we can splice the
two short exact sequence into the required one. O

Lemma 4.35. Let n : (X,d) — (Q,0) be a morphism of S-differential schemes,

and let ' : X' — Q' be the base change of n by a scheme morphism q : Q' — Q.
Suppose that either

(1) n is an affine pure scheme morphism, and coker(n,d) is a flat module on
Q, or
(2) n is qegs, and q is flat.
If n satisfies the sheaf condition for geometric quotients, so does n’.

Proof. If 7 satisfies the sheaf condition, we have an exact sequence of quasicoherent
modules on @,

0= 0 —n.0x 2-4 1.0x — cokern,d — 0.

tacks- ject
If ¢ is flat, applying ¢* yields an exact sequence. The flat base change formula Tﬁm

02KE] gives that ¢*n.0x ~ 1, 0x:, so we obtain that 7’ also satisfies the sheaf
condition. Hence, (2) is proved.

For (1), note that purity of 7 implies that n* : 0g — n.0x is universally
injective. Indeed, for an arbitrary ¢ as above, purity tell us that the composite
q*0g — ¢*n.Ox — 1, Ox is injective, where the last morphism is the base change
morphism. It follows that the first morphism is also injective.

Applying ¢* to the above yields an e act se %%nggtby Using the assumption
that 7 is affine, the affine base change)ﬁi‘?)U7 ensures ¢*n.Ox ~ 1. 0x:, s0 we
obtain that 7’ satisfies the sheaf condition. O

geom—universal‘ Proposition 4.36. Let n: (X,0) — (Q,0) be an fpge geometric quotient.

1) I is affine and coker(n,Ox M «Ox) is flat, then n is a universal
Ui U Ui Ui
geometric quotient and X is simple with respect to scheme morphisms.

(2) 1t is a uniform geometric quotient and X is simple with respect to flat
scheme morphisms.

3) If Q is the spectrum of a field, then 1 is a universal geometric quotient and

n g

X is simple with respect to scheme morphisms.
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Proof. Since n is fpqc, it is universally submersive and surjective, so the topological
condition is stable under arbitrary base change. Using and we see that
the orbit condition is stable under arbitrary base change.

If n is faithfully flat, it is pure, so the stability of the sheaf condition in cases (1)
and (2) follows from the corresponding statements of

If @ is the spectrum of a field, then any morphism ¢ with codomain @ is flat, so
(3) is a special case of (2). O

Remark 4.37. The affine version of [L.35] reads as follows.
Let (A, d) be a differential ring with the ring of constants k, and R be a k-algebra
such that either

N
(1) k — Ais universally injective Eﬁc Sagro 8T and coker(9) is a flat k-module,
or
(2) R is flat over k.
Then

Const((4,96) @0y (R,0)) ~ R.

This key condition is familiar from classical literature on differential Galois theory.

Lemma 4.38. If a differential scheme (X,dx) is simple with respect to Zariski
open immersions, with categorical scheme of leaves given as coequaliser from [{.31],
then it satisfies the sheaf condition for quotients,

0+ Const(Ox,0x) = Ory(x)-

Proof. From the coequaliser diagram of schemes, we obtain a diagram of structure

sheaves

77*60
n*ﬁXl §:5 n*ﬁXo < ﬁﬂ'o(x)
1

M
which yields a unique morphism

Oro(x) — Eq(n+00,m+01) ~ 1. Eq(do, 01) = 1« Const(Ox,dx).
By assumption, for every Zariski open V < my(X), the diagram
Uy :; U—>YV

with U = 'V and U; the pullback of V' to X1, remains a coequaliser. Substituting
V = Spec(A) in the above equaliser of sheaves, we obtain a ring homomorphism

A= Eq(Ou(U) 2 Ou, (U)).
The universal property of V' being coequaliser, applied to varying affine schemes,
yields that in fact
Oro(x)(V) = A= Eq(0y(U) = Oy, (U) = 1. Const(Ox)(V),

for an arbitrary affine open V', whence we obtain the desired conclusion. [

Proposition 4.39. Let (X,d0x) be an S-differential scheme with categorical scheme
of leaves S such that:

(1) the canonical morphism
n: X > m(X)=2S5
is fpgc and universally open (for example, fppf);
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(2) for every Zariski open U in X, we have
mo(U) = n(U);
(8) the module coker(n.dx) is flat over S.

Then (X, dx) is simple with respect to S-scheme morphisms, i.e., 1 is a universal
categorical quotient.

Proof. Writing X for the precategory in Sch/g associated to (X,dx), our first as-
sumption means that the diagram

d
Xl?O;X()*}S
1

is a coequaliser. We need to show that it is universal for S-scheme morphisms, i.e.,
that the base change

XixsQ—=XoxsQ@ —Q

Lo I

X — = X, 1 S
dy

along any S-scheme morphism  — S remains a coequaliser. Indeed, let f :
Xo Xg @ — Y be a morphism of S-schemes that coequalises the two arrows from
X1 x5 Q. Every point p € Xy Xs @ has an open affine neighbourhood U, x5, @y,
where U, S, and @, are open affine with n(U,) C S, and ¢(Q,) € S, such that
=1 (U, xs,Qp factors through an affine open subset of Y. Since 7 is open, we
may assume that n(U,) = S,.

As a base-change of a surjective morphism Xy — S, the morphism Xgxg@Q — @
is surjective, so, since U, x5, @, cover Xy X g ), we obtain that @, cover Q. The
morphisms dy and d; are identites on the underlying topological spaces of X; and
Xo, and let us write U, = U, xg S; for the preimages of U, in X;.

By assumption,

Up71 :; Up E— Sp
is a coequaliser, and by [£:37] we obtain that

n
Upa XSQi:;Up Xs, Qp - >Qp
is a coequaliser in Aff/g .
Since f, factors through an affine open in Y/, there exists a unique hy, : Q, = Y
such that
fo = hponp.
Every point in ),NQ, has an affine open neighbourhood W which is standard open
in @, and @), so by the same affine argument applied to U, xg W and Uy xg W,
we obtain that hy, [w= hy [w.
Hence
h’p erme/: hpl erme”
so the h, can be glued into a morphism

h:Q—Y

verifying the universal property of coequaliser for Q. O
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Proposition 4.40. Let k be a field of characteristic 0, let S = Spec(k), and let

def-polarised-qproj

nota-polarised

(X,dx) be an integral S-differe tai%a‘%%eme whose only leaf is the generic point
(i.e., it is simple in the sense of |3, 4.T.1]). Then (X,dx) is simple with respect to

S-scheme morphisms.
ardavid

Proof. Bardavid has shown %m, 4.3.2] that S is the categorical scheme of
leaves of (X,dx) and that S remains the categorical scheme of leaves for any open
subscheme of X, so we may apply [£.39}

Alternatively, it is straightforward to check that n : X — S is a geometric
quotient, so universality follows from O

This proposition shows simplicity both of classical Picard-Vessiot rings, and of
torsors associated with strongly normal extensions.
4.41. Polarised differential scheme morphisms.
Definition 4.42. The category of polarised quasi-projective morphisms has objects
(P,.%p) 5 U,

consisting of a scheme morphism p : P — U and a p-relatively ample invertible
Op-module Zp.

A morphism (f, «) between polarised quasi-projective morphisms (P, Zp) 5 U
and (Q, Zg) 4 V is a commutative diagram

(f, @)
. 2) L2 Q. 20)

| o

U Vv

consisting of a scheme morphism f : P — @ that makes the underlying scheme
diagram commutative, together with an &'p-module isomorphism « : f* £y — Lp.

If (g, B) is another morphism from (Q, £p) % Vto (R, Zr) = W, the composite
is computed as
(9.8) e (f,) = (go f,a0 f*focoherence),
where, more precisely, the & p-module isomorphism is given as the composite
(go ) Ln~ gL' Lo Zp.
Notation 4.43. The category of polarised quasi-projective morphisms has a natural
codomain fibration over the category of schemes. In this subsection, we write
K Sch;);’ — Cat
for the associated pseudofunctor, i.e., (V) is the category consisting of pairs
Q> V,2),
where ¢ is a morphism of finite type and . is an invertible g-ample €g-sheaf.
We will write
& = Self(Sch/g)
for the self-indexing of the category of S-schemes over itself, and
U: P — 7

for the natural forgetful functor.
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Definition 4.44. The category of polarised quasi-projective differential scheme
morphisms is the fibered category

-
obtained by construction [.7]

Lemma 4.45. For an S-differential scheme (X, dx), the category of polarised quasi-
projective differential scheme morphisms with codomain (X,0) is equivalent to the
category of pairs

((Pv 5P) ﬂ} (X,(Sx), (zpvéffp))»

wherep : (P,0p) = (X, dx) is a morphism of S-differential schemes, and (£p,d 2, )
is an invertible (Op,0p)-module with £Lp relatively ample with respect to the un-
derlying scheme morphism P — X.

Proof. An object P € §-2(X,6) = 2% gives rise to a diagram

(P27$P2) : (P17$P1) : (P07$P0)

| | |

X, X, X,
S2 Sl So

where the bottom level is the precategory D(S) as in and all the arrows in the
top and middle levels are cartesian. Hence, forgetting the polarisations, we see that
P is also an S-differential scheme, whose differential structure is given by an Si-
automorphism P; EN P, which is identity on the underlying space, and it is given
by an automorphism ¢ : Op,[e]/(e?) — Op,[e]/(€?) associated to an S-derivation
dp on Op as in[4.5] and the action on invertible sheaves is given by an isomorphism
(fi @) : (p1,dpo2%0) = (P1,dp %), i-e., by an isomorphism

a: Op,[€/(€%) Dop, /(2)20lel/ (€2) = Lol /().
The identity section requirement yields that
a =id+€d, oy,

where 07 1 Zle]/(?) — % is the augmentation morphism, and §, : % — %
makes % into an (Op, dp)-module. ]

Lemma 4.46. Let (X,0x) be a differential scheme which is simple with respect
to Zariski open immersions, with the categorical scheme of leaves given by the co-
equaliser

d
X1 d:0§ Xo —1 mo(X).
1

Consider invertible sheaves £ and L' on mo(X) and an Ox,-module isomorphism

a:n*L =
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making the diagram
dio
sn* L — din* 2’

| |
* ook d{a %, % /
din*¥ — din* &
commutative.
Then, there exists a unique isomorphism o : L — &' such that

a=n"o.

Proof. Let V; constitute an open cover of my(X) such that, for every i, .Z |y,
and ¢’ |y, are free of rank 1. Then U; = 7~ %(V;) cover Xg and n*.% |y~
Ou,eiy N* L' [u,~ Oy,e, are free rank 1, for some e; and e}, so « |y, is given as
multiplication by some a; € Ox (U;)*.

By identifying

din" 2 lv,= Ov [/ (€*) @ay, Ov.ei = OU,(1® €:) & O, (e @ i),
and similarly for din*.%" 1y,, the matrix of dja [y, in the pair of bases ((1®e;), (e®
ei)), (1 ®e;), (e ®e;)) becomes
a; 0
0 a; ’

In the same pair of bases, the matrix of dja [y, is

Q; 0
ox(a;) a;)’
By the assumption that djo and dja agree up to coherences, we conclude that
(Sx(ai) = 0, i.e., by
a; € Const(Ox)(U;) = n. Const(Ox ) (Vi) = Oy (x)(Vi),

whence it gives an isomorphism .Z [v,— £’ |v,.
By the same argument, these isomorphisms agree on the intersections V;NV; and
hence glue uniquely to an isomorphism . — %’ with the desired property. O

Proposition 4.47. The forgetful functor
0-P — 0-S

reflects coequalisers associated with connected components of differential schemes
which are simple with respect to Zariski open immersions.

Proof. Let (X,dx) € §- be simple for Zariski open immersions, and let (p2, p1,po) €
0-P(X,dx) be such that, in the diagram

we have that (r, p) coequalises (dg, do) and (di,d1), and the underlying diagram of
scheme morphisms is a coequaliser.
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We need to show that the diagram is a coequaliser of polarised quasi-projective
morphisms. Let (h,x) : (Po,%p,) — (T,%r) be an arbitrary morphism that
coequalises (dy, dp) and (dq, d1). Since the underlying diagram of scheme morphisms
is a coequaliser, there is a unique morphism s : @ — T such that sor = h.

Let . = s*%p, £ = Zg, and consider the isomorphism « : r*.¢ — r*.&’
given as the composite

r*s L~ WLy S Lpy s L.
Conditions (h, x) o (do,01) = (h,x) o (do,d1) and (r, p) o (do,01) = (r,p) o (do, 1)
show that the diagram

dgx d;‘)p_1
dyh* L ——— d§Lp, —— djyr* Lo

2 Zp, 2

51T 1
" .
dih* Ly —2 d5.Lp, L dir* Ly

commutes, so dja and dj« agree up to coherences. By we obtain an isomor-
phism

o8l =%~ =%
such that o = r*o, and it follows that

(3’0) o (Tv p) = (h" X)7

so (@, Zp) has the universal property of a coequaliser, as required. O
4.48. Differential descent.
Proposition 4.49. Let & : Schfg — Cat be a pseudofunctor, and let

f(X,0x) = (Y. 0y)

be a morphism of S-differential schemes such that

(1) the underlying morphism fo : X — Y is a morphism of effective descent
for P;
(2) fir =4difo: X1 — Y1 is a descent morphism for &, where dy : S; — Sp = S
is the source morphism of precategory D(S).
Then f is a morphism of effective descent for 6-Z.

Proof. We consider the morphism of S-differential schemes as a morphism f : X —
Y of D(S)-actions, and apply [2.29] noting that the cocycle condition is superfluous
for differential schemes so we may omit the condition on fs. ([

Corollary 4.50. Let f: (X,dx) — (Y,dy) be a morphism of differential schemes
with codomain the spectrum of a differential field and X quasi-compact. Then
f is a morphism of effective descent for the class of differential quasi-projective
morphisms.

Proof. The underlying morphism fy : X — Y is (trivially) fpqe because the target is
the spectrum of a field, and [2:31]show that it is effective descent for quasi-projective
scheme morphisms. Its base change % T dgyf is again fpqc, hence a morphism of
descent for all scheme morphisms by [I5] VIII, 5.2]. (]
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Corollary 4.51. Let f: (X,0x) — (Y, dy) be a morphism of differential schemes
whose underlying scheme morphism is fpgc. Then f is a morphism of effective
descent for the class of differential polarised quasi-projective morphisms.

Proof. The underlying scheme morphism fj ; X; —Yis fpqce, so of effective descent
for polarised quasi-projective morphisms by [T VIII, 7.8], and the same holds for
f1 as the base change of fj. O

5. AFFINE PICARD-VESSIOT THEORY

5.1. Picard-Vessiot Galois theory for differential field extensions. In this

.seﬁ%%lé_&vaes 1gglgao_\gcva}‘g'gluedgopf—theoretic approach to Picard-Vessiot theory explained
in ]

Definition 5.2. An extension L/K of differential fields is Picard- Vessiot, if

(1) the extension L contains no new constants, i.e., Lo = Ky, and we write k
for the common field of constants;
(2) there exists a differential K-subalgebra A of L such that Frac(A) = L and

H=(A®k A)
generates the left A-module A ® ¢ A in the sense that
(Ax K)H = AQk A.
Such an A is called a Picard- Vessiot ring for the extension L/K.

Fact 5.3. In the situation from the above definition, we have the following.

(1) A is unique;
(2) H is a Hopf algebra;
(3) there is a comodule structure 0 : A — A ®y, H such that

A —facA:0(a)=a®1} = K,
and
(1) ARk A~ ARy, (H,0).

(4) The linear algebraic group G = Gal®V(L/K) = Spec(H) over k is called
the Picard-Vessiot Galois group of L/K and we have that

G(k) ~ Auts.png(L/K).

Fact 5.4 (Classical Picard-Vessiot Galois correspondence). Let L/K be a Picard-
Vessiot extension.

There is a one-to-one correspondence between intermediate differential field ex-
tensions and closed subgroups of the linear algebraic group GalPV(L/K) given by

M — Gal®V(L/M).

Moreover, an intermediate field M in L/K is Picard-Vessiot over K if and only if
Gal"™v(L/M) is normal in Gal”v (L/K). In this case, we have that

Gal®V(M/K) ~ Gal*V(L/K)/Gal”Y (L/M).
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5.5. Janelidze’s categorical framework for Picard-Vessiot theory.

pv-janelidze

affine-pv| Definition 5.6. In flé?r‘]e,lliL—J%ﬁTvdze makes the following choices for the classical
categorical setup as in|3.1

(1) o = §-Aff = 0-Rng®P, the category of affine differential schemes;

(2) Z = Aff = Rng®?, the category of affine schemes;

(3) S = Const? is the functor of constants, i.e., S(Spec(A, d)) = Spec(Const(A4, d)),
often written as S(X) = Xo;

(4) C(Spec(R)) = Spec(R,0) transforms a ring into a differential ring with a
trivial derivation 0.

Remark 5.7. (1) Given X € «/, the functor Cx : Z)x, — @)x is given by
Cx(Q = Xo) = X X¢(x,) C(Q) = (X,0) X(x4,0) (Q,0).
(2) An object P 2y in )y is split by a morphism X 1o ¥ if the natural
morphism f*p — CxSx(f*p) is an isomorphism, i.e., if

X XyPEX X(Xo,O) ((X Xy P)070)

janelidze-pv

janelidze—affine‘ Theorem 5.8 (fT’T . Le be the Picard-Vessiot ring for a differential field ex-

tension L/ K, and let
f =Spec(K — A) : X = Spec(A) = Y = Spec(K)

be the associated morphism in < .
Then f is a morphism of Galois descent, the categorical Galois groupoid agrees
with the Picard-Vessiot Galois group,

G = Gal[f] = Cal"V(L/K),
and X is a G-torsor over Y in the sense that

X xy X ~ X X(x,,0) (G,0).
There is an equivalence of categories

Splity [f] ~ [G, 2]
between the category of objects P Y in Ay split by f, in the sense that
X xy P=f"(p) = Cx(q) =X xx,Q

for some Q % X in Z)x,, and the category of G-actions in 2 .

Proof. (1) The morphism f is faithfully flat (given as a spectrum of an algebra
over a field) and hence it is a morphism of effective descent for affin or-  aud
phisms in the sense of algebraic geometry. Using Benabou-Roubaud %5]1.:\2\767
obtain that the pullback functor f* is monadic.
(2) Using the counit SxCx — id is an isomorphism, or, equivalently, C'x
is fully faithful.
(3) The morphism f is self-split by the property [j| from
Categorical Galois theory stipulates that the object of morphisms of the groupoid
Gal[f] is

G = Gal[fly = S(f*f) = (X xy X)o = Spec((A ®k A)o) = Spec(H),
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while the object of objects
Gal[f]o = S(X) = Xo = Spec(k)

is a point, so we obtain a linear algebraic group G over k, exactly as in the Picard-
Vessiot case. The torsor equation is precisely the self-splitting of f, written in terms
of G, and the equivalence of categories follows from categorical Galois theory
specialised to the framework O

Fact 5.9 (Algebraic group quotients and effective subgroups). Let H — G be a
m?nomorphzsm/closed immersion of algebraic gro s 0per a field k. Combining
27, 5.24, 5.28, 8.42-8.44, B.37, B.38|, or, by using HTXpose V], we obtain:

(1) G is quasi-projective;

(2) the quotient G/H is representable by a quasi-projective scheme over k;

(8) the quotient morphism G — G/H 1is faithfully flat;

(4) we have

Gx H~G XG/H G.

We deduce that all closed subgroups of an algebraic group over a field k are effective
in the category of schemes with quasi-projective morphisms.

In the category of affine schemes, a closed subgroup H of an affine algebraic
group G is effective if and only if G/H is affine. If H is a normal closed subgroup,
then it is effective (|27, 5.29])

Proposition 5.10 (Affine Picard-Vessiot correspondence). With assumptions of
there is a one-to-ome correspondence between split affine quotients of f : X =Y
and effective subgroups of the linear algebraic group G = Gal[f] which takes

X
/
P s
N

p

Y

to
Gal[X — P].
Conversely, if G' is an effective subgroup in the sense that it is a closed subgroup

such that the coset space G/G' has a structure of an affine scheme (@), it corre-
sponds to the quotient

X/,
which is f-split by the scheme G/G'.
Moreover, this correspondence restricts to a one-to-one correspondence between

split quotients P such that P — 'Y 1is Picard-Vessiot, and closed normal subgroups
of G. In this case,

Gal[P — Y] ~ Gal[X — Y]/ Gal[X — P).

Proof. The statement is a direct consequence of [5.8 and O
Remark 5.11. (1) The equivalence of categories form of Picard-Vessiot theory

from is new and as of yet unexplored in differential algebra.
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The affine Galois correspondence from [5.10] does not fully recover the clas-
sical Picard-Vessiot Galois correspondence [5.4] because it only refers to ef-
fective subgroups of the Galois group, while the classical correspondence is
for all closed subgroups. The ‘moreover’ clause does recover t?xf)rlcs(,)c respon-
dence for Picard-Vessiot quotients and normal groups from FFQB, .

6. CATEGORICAL GALOIS THEORY FOR DIFFERENTIAL SCHEMES

6.1. Indexed framework for scheme-theoretic Picard-Vessiot theory.

Definition 6.2. The indexed framework for pre-Picard-Vessiot differential Galois

theory consists of the following choices for objects needed to apply

(1)
(2)

3)
(4)

Let S be a base scheme, and let 2" = Schyg.

Let o/ be the category of S-differential schemes that have a categorical
scheme of leaves. By this choice, we have a ‘categorical scheme of leaves’
functor

wo: A — X

Let & : Z°P — Cat be a pseudofunctor, which yields a pseudofunctor
5-P . /°P — Cat by [L.7]

Let C =C? : P omy = -2 be the pseudo-natural transformation whose
(Z,8z)-component is the canonical functor

CZ : gz(ﬂ'o(Z, (52)) — (5-@(2, (Sz)
from .32

For Picard-Vessiot differential Galois theory, we choose the following additional
structure.

()

(6)

Let ¥ : Z°P — Cat be a full sub-pseudofunctor of the self-indexing
Self(Schyg) of the category of S-schemes over itself, so that, for an S-scheme
Z, S (Z) is a full subcategory of Sch/z. It gives rise to pseudofunctor
0- : o/°P — Cat.

Let C7 : . omy = §-2 be the pseudo-natural transformation correspond-
ing to ..

Let U : & = . be a faithful pseudo-natural transformation. It gives rise
to a morphism of fibrations, taking cartesian morphisms to cartesian, hence
we obtain a pseudo-natural transformation §-U : §-Z2 = §-.% such that the
diagram

@
Pory —— 5-2

of

S omy — -

commutes.

We require that 6-U reflects (coequalisers associated with) .#-universal
connected components, i.e., if P € §-2(X,x) for some (X,0x) € &, and
we have a diagram

d
Pld:°;POL>Q.
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with 7 o dy = r o dy, which U maps onto an .¥-universal coequaliser

UP, ——=UP, mo(6-U(P))

| l

X1 X();)ﬂ'o(X)

associated to the .#-simple differential scheme 6-U(P), then the original
diagram was already a coequaliser.

Remark 6.3. In view of the above setup with the functor 7y and the pseud-
ofunctor C is not an extension of the adjunction ()g 4 C' we used in given
that the functor () on affine differential schemes does not extend to a functor on
differential schemes.

Remark 6.4. The category
Split(f)
consists of objects P € 6-2(Y") such that, for some Q € £(S(X)),

P ~Cx(Q).
Definition 6.5. A morphism f : (X,dx) — (Y,dy) of S-differential schemes is

pre-Picard-Vessiot with respect to U : & = & provided:

(0) f is amorphism in &7, i.e., (X,dx) and (Y, dy) have categorical schemes of
leaves over S|

(1) f is a morphism of effective descent for §-27;

(2) X, X Xy X and X Xy X xy X are simple for ..

We say that f is pre-Picard-Vessiot with respect to &2, if it is so with respect to
id: & = 2.

Definition 6.6. A morphism f : (X,dx) — (Y,dy) of S-differential schemes is
Picard-Vessiot with respect to U : & = .¢ provided:
(0) f is a morphism in &7, i.e., (X,dx) and (Y, dy) have categorical schemes of
leaves over S;
(1) f is a morphism of effective descent for §-Z7;
(2) X is simple for .7;
(3) f is auto-split with respect to .7, i.e., f € Splitq.o (f).
If & is already a sub-pseudofunctor of the self-indexing of Sch/g, we say that f
is Picard-Vessiot with respect to &2, if it is such with respect to id : &2 = £2.

Remark 6.7. A morphism f : (X,0x) — (Y,0y) in & is Picard- Vessiot with respect
to & provided:

(1) f is a morphism of effective descent for §-27;
(2) X is simple for &7;
(3) f is auto-split, i.e., f € Split(f).

Lemma 6.8. (1) If (X, 0x) is simple for 7, then it is simple for L.

(2) Given an S-differential scheme (Y, dy), the functor 6-Uy restricts to
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Proof. For the first claim, suppose (X, dx) is simple with respect to ., and let
Q € P(mo(X)). Let P = CZ(Q) and consider the associated diagram

d
Pld:O;PO%Q.
1

Since (X, §x ) is simple with respect to ., the analogous diagram for §-U(C (Q)) =
CZ(UQ) is an .#-universal coequaliser and 7(C¥ (UQ) = UQ. Using the fact
that §-U reflects connected components, we deduce that the original diagram is a
coequaliser and o (P) = Q.

The second claim follows directly from the fact that U preserves cartesian mor-
phisms. (|

Lemma 6.9. If f is a Picard-Vessiot morphism of differential schemes with respect
toU : P = .7, then [ is pre-Picard-Vessiot with respect to U.

Proof. Writing Gy = mo(X), since f is auto-split with respect to C, for some
G1 S y(GO),
X xy X =~ C{(G1) = X xc(gq) C(G1).
By the definition of simplicity using universal coequalisers, any object in the essen-
tial image of C{ is automatically simple for .#, whence X xy X is simple for .#
and we have (X xy X) ~ G;. Moreover,
XXyXXyXE(X XyX) Xx (X XyX)
~ (C(G1) Xc(Go) X) Xx (X Xc(Go) C(G1)) = X Xo(x,) C(G1 X, G1)
~ C}?(G1 XGo G1),

whence X xy X Xy X is also simple for . with mo(X xy X xy X) ~ Gy x¢, G1,

as required. (I

Remark 6.10. The assumption that f is pre-Picard-Vessiot for &2 ensures that the
kernel-pair groupoid

o1 o
Gy Xxy X xy X —"2 5 X xy X «—2— X
12 1

is a category in &7, and that the Galois precategory
Gal[f] = m(Gy)

exists as a precategory in 2.
If f is Picard-Vessiot, then G[f] is an internal category (actually a groupoid
without the inversion of arrows named) in 2", by the argument in

Theorem 6.11. A pre-Picard-Vessiot morphism f for & induces an equivalence
of categories

Splite(f) ~ 2 CGal]
between the category of objects of §-P(Y) C-split by f and the category of -
actions of the precategory Gal[f].

Moreover, if f is Picard-Vessiot for U : & = &, the latter becomes the category
of P-actions of the groupoid Gal[f].
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Proof. When f is pre-Picard-Vessiot, @ ensures that G gives a precategorical
decomposition of f in 7, and that the Galois precategory Gal[f] is well-defined in
Z . By assumption, f is of effective descent for Gy.

By the assumption on simplicity of X, X xy X, X xy X xy X and we get
that the functors Cx, Cxx, x, Cxxy xxyx are fully faithful.

Hence, all the assumptions of [3.6] are satisfied. When f is Picard-Vessiot, it is
also pre-Picard-Vessiot by [6.9]

Therefore, in both cases we get the desired equivalence involving actions of the
precategory Gal[f], which happens to be a groupoid in the Picard-Vessiot case, as
observed in [6.101 O

6.12. Specialisation of the Galois precategory.

Proposition 6.13. Suppose f : X — Y is a pre-Picard-Vessiot morphism of dif-
ferential schemes with respect to U : &2 = .7, where % is a class of morphisms
stable under base change, and let q : Q — mo(Y) be a morphism in 7. Then
g (f) = fo : Xqo — Yq is pre-Picard-Vessiot and its Galois precategory is

Gallg"(f)] =~ ¢" Gal[f] = Gal[f] X,v) Q-

Moreover, if f is Picard-Vessiot for U, so is fg, and the same specialisation formula
holds for Galois groupoids.

Proof. Assuming that f is pre-Picard-Vessiot, fq is an effective descent morphism
for §-Z2 as a base change of an effective descent morphism f.

Writing X2 = X xy X and X3 = X xy X xy X, the Galois precategory of f is
Gal[f] = (GQ, Gl, Go) with Gz = 7T0(Xi+1). By deﬁning Qz = Gl Xﬂo(y)Q = q* (Gl),

we obtain a diagram

X3 X2 X Y
AN AN AV N
X3 X3 Xq Yo
| | |
G G Go mo(Y)
NN N N
Q2 @1 Qo Q

where all the squares but those on the front and the rear face are cartesian. Since
X* is simple for .7, so is X¢, ~ (Xq)' and

m0((XQ) ™) = mo(X' x@, Qi) = mo(X"T Xy (xivn) Qi) ~ Qi

whence we obtain that Gal[fg] = (Q2, @1, Qo), proving the specialisation formula.
If f is Picard-Vessiot, then the middle rear square is cartesian, i.e., X Xy X =~
X %@, G1, so the middle front square is too, and we obtain

XQ Xy, XQ ~ XCQQ ZXQ X Qo Ql,

so fg is auto-split and thus Picard-Vessiot. (]
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7. APPLICATIONS

7.1. Quasi-projective Picard-Vessiot theory.

Theorem 7.2. Let (K,0) be a differential field of characteristic 0 with constants

k, and write S = Spec(k). Let f : X — Y = Spec(K,d) be a morphism of S-
differential schemes such that
(1) X is integral quasi-projective over Y and its only leaf is the generic point;
(2) [ is auto-split, witnessed by a quasi-projective k-scheme G,
X xy X ~X XC(8) C(G)
Then f is Picard-Vessiot, Gal[f] is an S-algebraic group isomorphic to G,
and there is an equivalence of categories

{ quasi-projective S-differential morphisms to 'Y split by f}

~ {quasi-projective S-scheme actions of G}

Proof. We follow the template of for & the fibred category of quasi-projective
morphisms. By assumption (1) and X is simple with categorical scheme of
leaves S. By [£.51] f is of effective descent for 6-2. Thus, X is Picard-Vessiot and
gives the desired equivalence. O

Corollary 7.3 (Quasi-projective differential Galois correspondence). With notation

of[73, there is an order-reversing one-to-one correspondence between split S-differential
quasi-projective fpqc quotients of f : X =Y in o/ and closed subgroups of the al-
gebraic group G = Gal[f] which takes

X
/
P f
N\
"y
to
Gal[X — P].
Conversely, a closed subgroup G’ corresponds to the quotient
X/q,

which is f-split by the quasi-projective scheme G/G'.

Moreover, this correspondence restricts to a one-to-one correspondence between
split fpqc quotients P such that P — Y is Picard-Vessiot, and closed normal sub-
groups of G. In this case,

Gal[P - Y] ~ Gal[X — Y]/ Gal[X — P].

Proof. The claimed correspondence is more specific than a claim that could be
extracted from so we provide an explicit proof following an analogous strategy.

If h: X — Pis f-split by g : G — Q. and h.is fpqc, then f*(h) is fpqc, hence an
universal effective epimorphism by [30; Tag ]. Since Sx preserves colimits as
a left adjoint, it follows that g = U(h) = Sx f*(h) is a regular epimorphism, hence
again an effective epimorphism in the presence of pullbacks. Since g corresponds
to a quotient of an algebraic group, it is fpqc again by
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Conversely, if G’ < G is a closed subgroup, then, by 9:G—G/G =Qis
fpgc. The quotient h : X — P corresponding to it satisfies f*(h) ~ Cx(g), whose
underlying scheme Qg&léi_s Is .fe{%%c since C'x acts as base change on g. Since f is
fpqe, using the fact [30, Tag 0uY J] that the properties of being ‘faithfully flat and
quasi-compact’ are local in the fpqc topology, it follows that h is fpqc itself. O

Remark 7.4. The theory above shows that even in linear Picard-Vessiot theory,
with X = (A4,d4) the spectrum of a Picard-Vessiot ring over a differential field
(K,9), in order to extend the correspondence to all closed subgroups od the
Galois group, we are forced to consider split quasi-projective quotients of X.

Rem g[fix?—'éﬁ The above theory applies to strongly normal differential Galois theory

of [[19]

7.6. Polarised quasi-projective differential Galois theory.

Theorem 7.7. Let f: (X,6x) — (Y, dy) be a morphism of S-differential schemes
such that, with notation [[.]3,

(1) the underlying S-scheme morphism X — 'Y is fpqc;
(2) (X,dx) is simple for & with scheme of leaves Gy;
(8) there is an S-morphism G1 — Gy such that

(X,0x) X (v,6y) (X, 0x) 2 (X, 0x) X(Go,0) (G1,0).
Then f is Picard-Vessiot for U : 2 = ., Gal[f] is the groupoid (G1 =X Go) and we

have an equivalence between the category of quasi-projective polarised S-differential
morphisms (P, £p) — Y split by f and the category of quasi-projective polarised
actions (Q, Zo) — Go of Gal[f].

Proof. Using we obtain that f is of effective descent for §-2. By [£.47] the
forgetful functor 6-U reflects #-universal categorical schemes of leaves. Hence, f
is indeed Picard-Vessiot for U and we can apply the template Theorem a

7.8. A parametrised family of strongly normal extensions. This example
%{sof'g?ggsed by Kolchin’s example of Weierstﬁtaoggic@airé_(%ﬁg@;,ioggv of. differential fields
19, TII6], with more explicit calculations in [[20[ 21 where the authors consider the
strongly normal extension associated to a vector field on an elliptic curve. We are
able to treat families of elliptic curves over a base scheme as parametrised families
of strongly normal extensions.

We consider an elliptic curve scheme E — S with a globally defined invariant
differential wg € Q}, /s (the reader may wish to think of the Weierstrass family of

elliptic curves

E — S = Spec Q[u, v, (4u® + 27v*) 7]

obtained by projectivising the naive equation y? = x® + ux + v).
Let p: (Y,dy) — (S,0) be a universal Bardavid quotient, and let

X =Y xgE.
It sheaf of differentials is
Qx/s =1 Qyys ©m0p/s = M Qyys @ (wx),

for some wx.
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We endow X with a differential scheme structure over (Y, dy) by stipulating
wy —ael(X,0%),

and we write
f(X,0x) = (Y. 0y)
for the corresponding morphism of S-differential schemes.
We claim that the morphism

n=pof:(X,0x)— (S,0)
is a universal Bardavid quotient.

(1) Since f is proper smooth surjective, it is faithfully flat and therefore uni-
versally submersive surjective, and p is such by assumption, hence 7 is
(universally) submersive and surjective.

(2) For the trajectory condition, we need to show that n(xz) = n(z’) im-
plies Traj(z) = Traj(z’). Assuming n(z) = n(z’) implies that p(f(x)) =
p(f(z)), so by the orbit condition on p, we obtain that Traj(f(z)) =
Traj(f(2')). It suffices to show that the restriction fo : X° — Y? of f
to leaves is injective. Indeed, given a leaf y € Y°, f~1(y) is the underlying
space of X, = X xy Spec(x(y)), which is an elliptic curve over a differen-
tial ﬁeld /?(y).endovvfed with a non-vanishing vector ut(iéallguarf_s,son(:’il%c‘(;élc with a. .
logarithmic differential equation i6(x) = a(y), and [19] 20] prove that X,
is classically simple in the sense that its only leaf is its generic point, i.e.,
X;j is a singleton.

(3) For the sheaf condition, using the fact that f is proper with geometrically
connected fibres, we obtain that

Const(n.Ox) = Const(p.(f«Ox)) ~ Const(p.Oy) ~ Os.

The universality of the quotient is automatic because any base change S’ — S
results in the same situation that we started with.

Thus, we have that mo(X) = m(Y) = S, X is simple with respect to arbitrary
scheme morphisms and we claim that f is self-split, i.e.,

X xy X~ X X (5,0) (E,O)

The underlying scheme isomorphism is

b XxsE =Y xgExsE VU™ Y cBxg B~ (Y xgE)xy (Y xsE) ~ X xy X,

where p: E xg E — E is the group operation on E.
In order to show that v is a morphism of differential schemes, it suffices to verify
that the diagram

Y Qxxyx/s = QxxsE/s

ﬁXXsE

commutes. Bearing in mind that both Qx ., x/s and Qx /s are isomorphic to
Dy xsBxsB/s =T Qy/s ©m0E/s DT30E/s,
we name the generators as

Y Qxxyx/8 = T Qy/s @ (Wx,1,wx,2), Qxxgp/s = T10y/s @ (wx,wE).
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The horizontal arrow acts as identity on 77{2y,s and maps
wx,1 P wx +tWe, Wwx2h wx,
while the arrows to Ox x,r map
Wxi1rr e Wxarre, wxrre, wprr0,
so the diagram commutes. These considerations follow formally from properties of

&%X%ﬂ%@gn%ﬁf‘%g{lé@@;ﬁs%gd do not require explicit calculations in coordinates as in
119, 207

It follows that the Galois groupoid is
Gal[f] = E X S.

Note that explains the variation in parameters from S. If s € S(L) for a field
L, then

Gal[f,] ~ Gal[f] x5 Spec(L) ~ (E X S) xg Spec(L) ~ E, =X Spec(L) ~ Ei,

considered as an algebraic group over L. Hence, our Galois groupoid specialises
to the classical differential Galois groups of strongly normal extensions associated
to logarithmic-differential equations on elliptic curves fs : Xy — Y uniformly in
parameter s.

7.9. Galois groupoid of the Airy equation. On the example of the Airy equa-
tion
y' =y,
we show that Galois theory of linear differential equations can be done in a more
canonical way through a Galois groupoid, rather than following the classical route
of constructing a Picard-Vessiot extension in a non-canonical way in order to obtain
a Galois group.

Let S = Spec(k) be the spectrum of a field of characteristic 0, let Y = Spec k[x]
and X = Spec(A) with A = k[x, u, det(u) ], a variant of the ‘full universal solution
algebra’ A = k(z)[u, det(u)~!] of the Airy equation. We make the projection

f: X =Y xgGLy = Spec(A) - Y

into a morphism of differential S-schemes by endowing X with a vector field

9]
(95(3 6U11 8u12 8u21 8u22 ’

which also determines the differential structure on Y. In terms of differentials,

0 0
o T U215 U225 + TUIL 57— + TUL2

Qx/s = [ Qyys © 1001, /s = (dr, w11, Wiz, w1, waz),

where w = du - u~! is the invariant differential on GLo, the S-differential scheme
structure on X and Y is given by assigning

dr— 1, wH(O 1).
z 0

We claim that the composite

n: X 5 GLy 24 G,

is a geometric quotient.
(1) Since 7 is fpqc, it is universally submersive surjective.



54 BEHRANG NOOHI AND IVAN TOMASIC

(2) Given that we are in the affine setting, the sheaf condition follows from the
folklore fact that

Const(A) = k[det(u),det(u) "],
where A = k[z,u,det(u) 1], i.e., the ‘only’ algebraic relation that a funda-
mental set of solutions of the Airy equation satisfies is that its Wronskian
is a constant.
(3) For the orbit condition, let p € X(L) be a point with values in a field

L, corresponding to a homomorphism « : A — L. The orbit map a, is
associated with an L-homomorphism

A®p L = Liz,u,det(u)"] = L[[t]], f~ Z #tn_

An explicit calculation shows that
x— a(r) +t,
ala(z) +1)  bla(r) +1)
v (oD 1D Vo s 9) o
where a and b are the fundamental set of solutions of the Airy equation
in L[[t]] (with respect to the variable ¢) with Wronskian 1. By the same

reasoning as above, we obtain that the kernel of this map is (det(u) —
det(a(u)). In other words, we have that

n(p) = n(p) if and only if O(p) = O(p').
Next, we claim that
coker(n.Ox -9 N:0x)
is a flat module on G,,. Since everything is affine, we need to show that M =
coker(A LEN A) is a flat k[z, 27 !]-module, via the morphism associated to 7,
klz,271] = A, z = A = det(u). -

By faithfully flat descent via k& — k, we may assume that k is algebraically
closed.

Since k[z,z7!] is a 1-dimensional regular ring, it is enough to show that M is
torsion-free. In this case, this means that, if f(A)m € im(d) for some m € A, and
f € k[z,271], then already m € im(d). More explicitly, if we have f(A)m = §(g),
then there must exist an h € A such that m = 6(h).

By clearing denominators using the fact that A is a constant, we may assume
that f € k[z]. Since k is algebraically closed, the polynomial f factors into linear
factors, hence, by an inductive argument, we reduce to the case f(z) = z — A, for
some A € k. The above condition reduces to showing that

Const(A/(A — N)) = k.
_ By the above arguments, we know that (A — \) is a maximal d-ideal in A and
A, and that
A/(A =)= A/(A - N),
agid-lect
where the latter is a Picard-Vessiot ring over k(x) by construction FrTS, 3.4, 4.29],
SO
k C Const(A/(A —))) C Const(A/(A —N\) =k,

as required.
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Moreover, since 7 is fpqe, using [£:36] we obtain that X is simple with respect to
arbitrary scheme morphisms with

mo(X) = Go = Gy,
We claim that f: X — Y is self-split, i.e., there is a natural quotient morphism
m:X Xy X ~Y xg GLy xg GLs — G = (GLg xg GL2)/SLs .
that yields an isomorphism of differential schemes
X xy X ~ X X(g,,0) (G1,0).

Indeed, for the last isomorphism in the definition of 71, given a pair of invertible
matrices (u,v), consider the augmented matrix

(Ull U2 V11 1212)
U21 U2 V21 V22
and send it to the the homogeneous sextuple of determinants p;; of its 2 x 2 minors
for 1 < i < j < 4, considered as the Pliicker coordinates of the Grassmanian
Grl[2, 4], satisfying the familiar relation piapss — p13pa4 + p14p2s = 0. The definition
is SLo invariant, so it factors through (GLg x g GLg)/ SLs. Using the derivation on
X xy X, we explicitly verify that all the p;; are constants, so 7, is a differential
scheme morphism to (Gr[2,4],0).

The torsor isomorphism

1[) ¢ Xs (GLQ XSGLQ)/SLQ ~Y X5 GL2 Xs(GLQ XSGLQ)/SLQ
—Y XSGLQ XSGL2 ~ X ><y)(7

takes a tuple (y,u, [u1,v1]) and maps it to (y,u, sv1), where s € SLy is the unique
matrix such that u = su;. Its inverse is given as (ﬂ'yXSGLz), 71), i.e., in coordinates,

by (y,u,v) — (y,u, [u,v]).
In order to show that v is a morphism of differential schemes, it suffices to verify
that the diagram

Y Qxxy x/8 * Qxxe,G1/8

ﬁXXGOGl
commutes. Using the fact that both Qx ., x/5 and Qx Xy G1/S are isomorphic to

* * *
Qy xsQLa x5 GLy /5 = T8y /5 ® m3QaL, /5 © m30¢1./5,

we can name the generators, thought of as pullbacks of the invariant differentials
on GLs, as

V' Qxxyx/8 = (dz,wi,w2),  Qxxg /s = (dT,w,wo),
so that the horizontal arrow maps
dr —dr, w—w, ws+— w4+ wg,

while the arrows to Ox x .z map

’_>01 ’_>01 '_>01 0
w1 x07w2 xO’wa’wO’

so the diagram commutes.
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From the self-splitting, we conclude that
71'0(X Xy X) ~ Gl,
and our Galois theory gives the Galois groupoid

Gal[f] = G1 :; GO
= (GL2 Xg GL2)/SL2 :; GLQ/SLQ = Gm.

Intuitively, at least in the case where k is algebraically closed, the points of
the object of objects Gy correspond to a choice of a Picard-Vessiot extension with
A = ), and the object of morphisms GGy encodes the isomorphisms between different
choices of A. The stabiliser of a chosen object is its usual Picard-Vessiot Galois
group SL. L . L asale-blazquez

The Malgrange groupoid in this example is given by T’?W

Al xg Al xgSLy X AL

While both groupoids show that the symmetries of the Airy equation are governed
by the group SLs, they appear to do so in different ways.
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